Bo 


| | e Gal "Ge 4 2 | . J 
1 TRIGONOMETRY, 


Bk > AN E 


„ 4 
S HN, 
WITH THE 
Cons TRUCTION and AePLICATION = 


0-F 77 


oc! 


—— «ati. Jl. PX A CC. Ce... Eee... ee tit.” — „ ä th. 


By THOMAS SIMPSON, F. K. s. , 


The TRIAS EPDIT IO. 


+ 4 * 2s = * 


— 


— 


L OND 0 N, | 
Printed for J. Nou Rs E, in the Stand, 
Bookſeller to his MA JEST 1. 


upec . 


bl 
. 


A * 
1 4 ö 

4 fl 5 

* a 0 
A. 7 > # 
29 2 1 L.A * 
WA I * 1 

+ £4. | 


% «< owes ts 8 


x 


Plane Trigonometry. 
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DEFINITIONS. 


1. LANE trigonometty is the art whereby, 
having given any three parts of a plane 


triangle, (except the three angles) the reſt. 


are determined. In order to which, it is not only 


requiſite that the pexipheries of circles, but alſo 


certain right- lines in, and about, the circle, be 
ſuppoſed divided into ſome aſſigned number of 
equal parts. 228 „ 

2. The periphery of every circle is ſuppoſed to 
be divided into 360 equal parts, called degrees; 


and each degree into 60 equal parts, called mi- 


nutes; and each minute into 60 equal parts, called 


ſeconds, or ſecond minutes, &c. 
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3. Any part AB 
| of the periphery of 
the circle is ealled 


to be the meaſure of 
the angle ACB at 

the center, which it 
ſubtends. 


Note, The degrees, minutes, ſeconds, Sc. con- 


tained in any arch, or angle, are wrote in this manner, 


50* 18! 35% which / gniſies that the given arch, ar 


angle, contains 50 degrees, 18 minutes, and 35 ſe. 
conds. | 


4. The 3 of any arch from 90 (or a 
quadrant) is called its complement; and its dif- 
terence from 180 (or a ſemicircle) its ſupple- 
ment. 1 

5. A chord, or ſubtenſe, is a igti-line drawn 
from one extremity of an arch to the other: thus 
the right line BE is the chord, or ſubtenſe, of the 
arch BAE or BDE. 

6. The ſine, or right · ſine, of an boa. © is a 
right-lihe drawn from one extremity of the arch, 
perpendicular to the diameter paſſing through the 


other extremity, Thus Bf is the foe of the arch 


AB or DB. 


The verſed j of an 3 is the part of the 


diameter intercepted between the ſine and the pe- 


riphery. Thus AF is oy verſed fine of AB; and 
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8. The co-ſine of an arch is the part of the 
diameter intercepted between the center and ſine; 
and is equal to the fine of the complement of 
that arch. Thus CF is the co fine of the arch 
AB, and is equal to Bl, the ne of its comple- 
ment HB, 

9. The tangent of an arch is a right-line 


touching the eircle in one extremity of that arch, 


produced from thence till it meers a right line 

paſſing through the center and the other extre- 

mity. Thus AG is the tangent of the arch AB. 
10. The ſecant of an arch is a right-line 


| reaching, without the circle, from the center to 


the extevinicy of the tangent, Thus CG 1s the 
ſecant of AB, 

11. The co-tangent, and co-ſecant, of an arch 
are the tangent, and ſecant, of the complement 
of that arch, Thus HK and CK are the co- 
tangent and co-ſecant of AB. | 

12. A trigonometrical canon is a table 11 


biting the length of the ſine, tangent, and ſe- 


cant, to every degree and minute "of the qua- 


drant, with reſpect to the radius; which 1s ſup- 


poſed unity, and conceived to be divided into 


10000, or more, decimal parts. By the help of 


this table, and the doctrine of ſimilar triangles, 
the whole buſineſs of trigonometry is performed; 

which I ſhall now proceed to ſhew. But, firſt of 
all, it will be proper to obſerve, that the ſine of 
any arch Ab greater than gos, is equal to the ſine 
of another arch AB as much How go; and that, 
its co fine Cf, tangent Ag, aid ſecant Cg, are alſo 
reſpectively equal to the co- M tangent, and ſe- 
cant of its ſupplement AB; but oni) are negative, 
or fall on contrary ſides of the points C and A, 
from whence they have their origin. All which is 


QUT from che definitions. 
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6 Plane Trigonometry. 
TREZOREM I. 
In amy right-angled plane triangle ABC, it will be 


as the bypothenuſe is to the perpendicular, ſo is the 
radius (of the table) to the fine of the angle at rhe 


aſe. 


be the radius to which 
the table of ſines, &c. 
is adapted, and ED 
the ſine of the angle 
A or arch EF (Vid. 
Def. 3. and 6.); then, 


BD F 
lar triangles ACB and 


AED, it will be AC : BC:: AE: ED (by 14. 4.) 


9. E. D. 


Thus, if AC = 176, and BC = 145; then it 


will be, „78: 543 1 (radius): the ſine of 
A2 61 which, in the table, anſwers to 365 52's 


the meaſure, or value of A. 


3 II. 


In any right-angled plane triangle ABC; it will be, 


as the baſe AB is to the perpendicular BC, fo is the 


radius (of the table) to the tangent of the angle at 
the baſe. 


For, let AE or - AF be the radius of the table, 


or canon (ſee the preceding figure), and FG the 


tangent of the angle, or arch EF (Vid. Def. 3. 
and g.); then, byreaſon of the ſimilarity of 1 
triangles ABC, ARG, it will be, AB: BC: 
AF : FG. 9. 1 


Note, In the. quotations where you meet with two' numbers (as 
14. 4.) without any mention of Prop. Theor. Nc. reference is made 


to the ſecond edition of the Elements of Geometry publiſhed by the 


Jane author; v % — 2 —_ tract i⸗ 7 . as an Append. 
1 Thus 


For, hs AE or AF = 


becauſe of the ſimi- 
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AB, and upon AC 


 ABFBCx AB— BC 


Plane Trigonometry. EE 
Thus let AB = ,8, and BC = 5; then we ſhall 
have',8 : „: : 1 (radius): tangent A = , 625 


whence A itſelf is found, by the canon, to be 


FFT 
In every plane triangle ABC, it will be, as any one 
fide is to the ſine of its oppoſite angle, ſo is any other 
fide to the fine of its oppoſite angle. nn 


For take CF = 'B 


let fall the perpen- 
diculars BD and FE; 
which will be the 
ſines of the angles 
A andC to the equal MII ds. 
rad AB and CF. KA D HB CG. 
Now the triangles 
CBD, CFE being ſimilar, we have CB: BD 
(Vn. A): : CF (AB): FE (/n. C). Q. E. D. 


THEOREM IV. 


As the baſe of any plane triangle ABC, is to the 
ſum of the: two fides, ſo is the difference of the fades 
to twice the dijtance DE of the perpendicular from 

the middle of the boſe, © 


For (by Cor. to 9. 2.) B 


= AC x 2DE; 
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Tirors N V. 


In any plane triangle, it will be, as 22 ſuw of any 
two ſides is to their difference, ſo is the tangent of 


half the ſum of the two oppoſite _ to the lan- 


Lene of half their difference. 


For, let ABC be 
the triangle, and 
AB and AC the 
two propoſed fides ; 
and from the cen- 
ter A, with the. ra- 
dius AB, let a Cir» 
cle be deteribed. in- 
terſecting CA pro- 

duced, in D and F; 
ſo that CP may ex- 
preſs the ſum, and CD the difference, of the ſides 
AC and AB: join F, B and B, D, and draw DE 


parallel to FB, meeting BC in E. 


Then, becauſe 2ADB = ADB + ABD {by 
12. 1.) = C + ABC (yg. 1.) it is plain that 
ADB is equal to half the ſum of the angles op- 
poſite to the ſides propoſed. Moreover, ſince 
ABC = ABD (ADB) + DBC, and C = ADB — 
DBC (by 9. 1.) it is plain that ABC —Cis = 


 2DBC; or that DBC is equal to half che difference 


of the ſame angles. 

Now, becauſe of the . lines BF and ED, 
it will be CF: CD :: BF: DE; but BF and DE, 
cauſe DBF and BDE are right- angles (by 13. 3. 


= 7. 1.) will be tangents of the foreſaid angles 


FDB (ADB) 410 ONS (Oi)! to the radius BD. 


2E. b. 


COROL- 
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COROLLARY». 


Hence, in two triangles ABC and AIC, having 


* two ſides equal, each to each, it will be (by equa- 
1 AC + ACkK A- AC 
1 lity ), as tang, 2 : tang. © x : 8 


AFC+ AB 58 e 


tang, : tang, „ But, 


if CAb be ſuppoſed a right- angle, Fo will AC + 
Ac alſo = a right angle (% Cor. 3. 1 10. 1.) and 


AbC + ACh 


the tangent of —— = radius. There- 1 


fore in this caſe our proportion will become, þ 

1 A“ C - Ac 1 
Radius: tang. - —(=AbC—45):: 

ABC ACB  ABC—ACB 
- tang. 2 . Which 

gives the following Theorem, for finding the an- 

gles oppoſite to any two propoſed ſides; the in- 

cluded angle, and the ſides themſelves, being 


known. | 


_— 


% 7 3 De 


" Hog. — 


Ly 


As the 72 of the propoſed des (Ab or AB) is 
to the greater (AC), ſo is radius to the tangent of an 
angle (AbC, ſee Theor. 2.) And as radius to the 

W 3 of the exceſs of this angle above 455, ſo is 
the tangent of half the ſum of the required angles to 
the tangent of. alf their difference hg 


BY { 7; 1 though it requires tavo proportions, is commonly | 
uſed by Aſtronomers in determining the elongation and parallates of the 
planets ( doing 30 adapted to e ) ; for WHICH ee ut 16 e 

E. ven. | 
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. 5 
The ſolutions of the caſes of right-angled plane triangles. 


Given | Sought Solution. ; 


e 


"IM he Hyp. One leg As radius is to the fine of 
it}AC and} BC 2, fo is the hyp. AC to| 
| {be angles the leg BC (by Theor. I.) 


* 


The byp.| The an- As AC : BC: : radius: 
2 AC and -gles |fin. A (Theor. I.) whoſe 
| jonelegBC| {complement is the angle C. 
The hyp. I he otherſiet the angles be found, 
3 AC and leg AB [by Caſe 2. and then the re- 
| {quired leg AB. by Caſe 1. 
The an- |T he hyp. As (ine A: radius : : the 4 
4 gles and] AC [leg BC : to the hyp. 1 
C ? AC (Teer. J.), 
The an- The other As fine A: BC : : fine CG 
| gles and | leg AB |: AB (by Theor. III) Or, 


2 | one leg | ſas radius: tang. C:: BC 
BE nenen 


I [The two] The an- As AB : BC : : radius: 
be legs AB gles ſtang. A (by Theorem II.) 
| | and BC| whoſe complement is the 
TE OR angle C. | 3 
The two The hyp. Let the angles be found, 
legs AB] AC q Caſe 6. and then the 
and BC _ Ihyp. AC, #» Caſe 4. | 
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The ſolution of the caſes of oblique plane triangles. 


+ 


It 


'S 
8 


| 
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Given 


Sought 


I 


— 


Solution. 


The an gles 
and one fide 
AB 


Iwo ſides 
AB, BC and 


an ang. C 


| | Two fides 
3 


te one of em. 


Either or 
the other 
ſides BC 


As fine C AB: : fine & : 
BC (by Theor, III.) 


The other 
angles A 


PE 


As AB: in. C:: BC: Un, A 


180 gives the other angle ABC. 


(by Theor, III. ) which added to 
op. and ABC O. and the ſum ſubtracted from 


11 


[AB, BC and 
gle C 
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| 


n opp. an-| 


The other Let the angle ABC be found, 


fide AC by the preceding caſe, and] 


| Two ſides 
[AC, AB and 


| AC, AB and 


the inciuded 

angle A 
Two ſides. 

the incl. |. <A. 


ſides 


The other 
angles C 


fide BC 


fin. ABC: AC (by Theor. 2 


. 2: 
and ABCHABC and 
diff. (by Theor. V.) which added 
to, and ſubtracted from, the 
[half ſum, gives the two angles. 


The other Let tt 


then it will be, ſin. C: AB: 


As ſum of AB and AC: their 
tang. of half the ſum of 
: tang. of half their 


Let the angles be found by 
the laſt caſe; and then BC, 
by Caſe 1. 1 \ 


all the three 
ſuppoſe A 


An angle, 


| 


their dif, : diſt, DG of the perp. 
from the middle of the baſe ;| 
|whence, AD beingalſoknown, 
| [the angle A will be found by 
Caſe 2, of a * 


Let fall a perp, BD opp. to the 
req. angle: then (by Theor, IV. ) 
as AC: ſum of ABand BC: 


1 


" 


| = 3 3 


1 7 , l "TI 
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12 Conſtruction of the Table 
Note, The $d and 3d caſes are ambiguous, or 


admit of two different anſwers each, when the ſide 


AB oppoſite the given angle C (ſee fig- 2.) 1s leſs 


than the given fide BC, adjacent to it (except the 


angle found is exactly a right one): for then 
another right line Ba, equal to 0 BA, may be drawn 
from B to a point in the baſe, ſomewhere between 


C and the perpendicular BD, and therefore the 
angle found by the proportion AB (aB): fin. C 
: : BC : fin, A (or of C2B,) may, it is evident, be 


either the acute angle A, or the obtuſe one CaB 


(which is its ſupplement), the ſines of both being 


exactly the ſame. 


8 laid down the method of reſolving the 


different caſes of plane triangles, by, 3 table of 
ſines and tangents; I ſhall here ſhew the manner 


of conſtructing ſuch a table (as the foundation 
upon which the whole doctrine is grounded); in 


order to which, it will be requiſite to Prone the 


following ee 


Ppaoros fr 10 1. 
The fine of an arch being given, to find its co- 


ſme, verſed | ine, tangent, co-langent, ſecant, and 
co ſecant. 


1 Ne AE be the propoſed 
arch, EF its ſine, CF its 
co-ſine, AF its verſed ſine, 
AT its tangent, CT its ſe- 
cant, DHits co-tangent, and 
| CH its co-ſecant, . 
Then (by 8. 2.) we have 


CE. — EF* , whence, not 
only the co-ſine CF, but 
CES _ allo. the verſed fine AF, 


> | wilt 


. . —＋˖Ü eee eee 


CF = the ſquare root of 


r WY Ee —_— 
2 p y, I" % * 3 Lt > NR 
n 4 et op ; 
WT 2 „ 


of Sines, Tangents and Secants. 14 


will be known. Then becauſe of the ſimilar 


triangles CFE, CAT, and CDE, it will be 0 
14. 4.) 


1 CF: FE : : CA: AT; whence the tangent 


is known. 


2. CF:CE(CA)::CA:CT; 2 the 


ſecant is Shown, 


83. EF: CF: CD: DH; whence the co · tan- 
gent is known. Pe. r 


4. EF : EC (CD) 3:2 CD : CH; whence the 
co- ſecant is known. 1 


Hence it appears, 


1. That the tangent is a fourth proportional to 


| the co-line, the ſine, and radius, 


2. That the ſecant is a third- PPE to 
the co-ſine and radius. 


3. That the co-tangent is a fourth proportional 
to the line, co- ſine, and radius. 


4. And that the co · ſecant is a third proportional 
to the fine and radius. 


5. It appears moreover (becauſe AT: AC: : CD 
(AC): DH), that the rectangle of the tangent 
and co tangent is equal to the ſquare of the radius 
(by 10. 4.) : whence it likewiſe follows, that the 


tangent of half a right angle is equal to the ra- 


dius; and that the co-tangents of any two dif- 
ferent arches (repreſented by P and Q) are to one 
another, inverſely as the tangents of the ſame 
arches : for, ſince tang. P x co-tang. P = ſqu. 
rad. = tang, Q * co- tang. Qs therefore will co- 

tang, 


14 Conflruftiomof the Table _ 
tang. P: co-tang. : : tang. Q: tang. P; or a9 


co-tang, P: ang; Q:: co-tang. 2 Ig P 05 


10. 4.) 


Pros, II. 


If there be three equidifferent arches AB, AC, AD, 
it will be, as radius is to the co-/ine of their common 
difference BC, or CD, ſo is the fine CF, of the 
mean, to half the um of the fines BE+DG, of 
the two extremes: and, as radius to the fine of the 
common difference, ſo is the co-fine FO of the mean, 


to half the difference * the ne Ol the two en 


tremes. 


For 12 BD be 
drawn, interſect- 


in m; alſo draw 


meeting AO in x; 
and BH and mv, 
parallel to AO, 


KE FN G 
meeting DG in H and v. 
Then, the arches BC and CD being equal to 


each other (by hypotheſis), OC is not only perpen- 


dicular to the chord BD, but alſo biſects it (by t. 3.) 
and therefore Bm (or Dm) will be the ſine of BC 
(er DC), and Om its co- ſine: moreover mn, being 


an arithmetical mean between the fines BE, DG 
of the two extremes (becauſe B = Dm) is there- 
fore equal to half their ſum, and Dy equal to 


half their difference. But, becauſe of the ſimilar 
CO CF, Omnn and Dom, 


Pn II OC : On: F n 


ing the radius OC 
mn parallel to CF, 


| Conots 
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of Sines, T, angehits aud Setants, 15 


Corottany I. ; 
| Becauſe of the foregoing proportions, we have 
) OmxCF | 58 IM) 
n ( == . we and Do (= 


C 
9775 2 and therefore DG BE = 2OnxCE 


2DmxFO, 


and DG —BE = = _— -4 


CoroLLany I hs 


Hence, if the mean arch AC be ſuppoſed that 
of 60*; then OF being che co- ſine of 60%, = ſine 
30 = + chord of 60 = OC, it is manifeſt that 
DG — BE will, in this 8 be barely = Dm; and 
conſequently DG = Dm + BE. From whence, 


and the preceding ear. we have theſe two 
_ uſeful theorems, 


I. If the fone of the mean, of three equidifferent 


arcbes (ſuppoſing radius unity) be multiplied by twice 


the co-fine of the common difference, and the fine of 


| either extreme be ſubtracted from the produt, the 


agen will be the fine of the other extreme. 


2. The ſine "of any arch, abive bo degrees, is FR 
to the fine of another arch, as much below 60 16- 
gether with the fine of its exceſs above 60. 


On x CF 


* Note, 58 „ taken in a geometrical ſenſe, de- 


notes a a fourth roportional to OC, Om and CF; but, arith- 
metically, 7 Außee the quantity arifing by dividing the pro- 
dui of the meaſures of Om gn CF * er f OC. Under- 


and the like of ober. 


PRO P. 


} 


166 congruction of the Table 


| length of the chord of +3; 
is expreſſed by ,00818121 (radius being unity) 


Pros. BL: 


To find the fine of a very ſmall arch; ſuppoſe 
that of „ 


It is found, in p. 181. of the Elements, dhe 4 
of the ſemisperiphery 


therefore, as the chords of very ſmall arches are 


to each other nearly as the arches themſelves (vid. 


p. 181.) we ſhall have, as Fas © : 73 5 008 18 121: 


5008726624, the chord of 755» Or half a degree; 


whoſe half, or ,004363312, is therefore the ſine of 
1 5. „ very nearly. 

From whence the ſine of any inferior arch may 
be found by bare proportion. Thus, if the ſine of 
1“ be required, it will be, 15' : 1“: : ,004363312 : 


- 2000290888, the line of the arch of one e, 


nearly. 
But if you would have che ſine of 1 more ex- 


actly determined (from which the ſines of other 
arches may be derived with the ſame degree of 
exactneſs); then let the operations, in p. 181, be 


continued to 11 biſections, and a greater number 
of decimals be taken; by which means you will 


get the chord of g part of the ſemi-periphery 


to what accuracy you pleaſe : then, by proceed- 
ing as above (for finding the ſine of 15!), the ſine 
of 1 minute will alſo be obtained to a very great 
degree of exactneſs. OY 


* 


| 80 IV. 


To ſhew the manner r of conftrufting the rrigendme 4 


trical canon. 


| Firſt, find the fine of an arch of one 8 
by the preceding Prop. and then its oo · ſine, by 


Propr 
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of Tines, Tanzen, * Secante. — * 


Prop. 1, which let be denoted by C; then (by 
T, heor. 1. p 3.) J we ſhall have 
2C x ne 1/ — fine of = fine 25 
20 „ ſine 2. — ſine i! = ſine 31. 
20 x ſine 3 — fine 2! = ſine . 
2C x line 4 — ine 3“ = ſine 5 „ 
And thus are the ſines of Fl „ 8 &. ſucs 


ceſſively derived from each other. 


The ſines of every degree and minute, up to 


60e, being thus found; thoſe of above 69% will be 


had by addition only ( from Theor. 2. p. 15.) then, 
the ſines being all known, the tangents and ſe - 
cants will likewiſe become known, by Prop. 1, 


Note, If the ſine of evety ;th minute, only, be 
computed according to the foregoing method, the 


fines of all the intermediate arches may be had 
from thence, by barely taking the proportional parts 


of the differences, and that ſo near as to give the 
firſt ſix places true in each number; which is ſuffi- 
ciently « exa for all common purpoſes. 


een 


Although what has been hitherto laid down for 
conſtructing the trigonometrical canon, is abun- 
dantly ſufficient for that purpoſe, and is alſo very 
eaſily demonſtrated; yet, as the firſt ſine, from 


whence the reſt are all derived, muſt be carried on 


to a great number of places, to render the nume- 
rous deductions from it but tolerably exact (becauſe 
in every operation the error is multiplied), I ſhall 


here ſubjoĩn a different method, which will be found 
to have Thi advantage, not only in thats but in 
many other reſpe&ts. 


Firſt, then, from the co-ſine of 15e, which is 
given (by p. 181 of the Elements) = =2S2+\V/ 3 3 


2 „9639268 26, & c. ( = the ſupplement chord of 
30 and the fine of 182, "which? 1 2701222 


2309017, 


\ 
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4309017, &c, (equal to half the ſide of a decagon 
inſcribed in the circle) let the co-fine of 30, the 
difference between 18 and 13, be found“; from 
which the co ſine of 45! will be had, by two bi- 
ſections only: whence the fines of all the arches 


in the progreſſion 1* 30, 2* 15!, 3 00, 3* 45 


Kc. may be determined ' (by Theor. 1. p. 15.) and 
that to any aſſigned degree of exaftnels, _ 
The fines of all the terms of the progreſſion 
46 1% 20, 2* I5, &c. up to 60, ng thus 
derived, the next thing is to find, by help of thele, 


the ſines of all the intermediate arches, to every 
ſingle minute: _ 7 | 


This, if you deſire no more than the 4 or 5 firſt 


places of each (which is exact enough where no- 
thing leſs than degrees and minutes is regarded), 
may be effected by barely taking the proportional 
parts of the differences, | 


} 
* 


But if a greater degree of accuracy be inſiſted 


on, and you would have a table carried on to 7 
or 8 places, each number (which is ſufficient to 
give the value of an angle to ſeconds, and even to 
thirds, in moſt caſes, then the operation may be 
as follows: e 


1. Multiply the ſum of the fines of any two 
adjacent terms of the progreſſion 45, 1 30, 
2 15, 3*00, 3* 45, &c.(betwixt which you would 


find all the intermediate fines) by the fraction 
,000000042 3, for a firſt product; and this, again, 


by 22, for a ſecond product; to which laſt, let , 
of the differente of the two propoſed fines (or ex- 
tremes) be added, and the ſum will be the exceſs 
of the firſt of the intermediate fines above the leſſer 
extreme. | Ws | 


Note, The co. ſine of the difference of tauo arches (ſuppoſing 
radius unity), 7s found by adding the product of their ſines to that 


of their co-fines 3 as is hereafter demonſto ated, 
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From this exceſs let the firſt product be 
EE ſubtracted; that is, firſt, from the 


exceſs itſelf; then am the remainder; then from 


2 the laſt remainder, and ſo on 44 times. 


3. To the leſſer extreme add the forementioned 
exceſs; and, to the ſum, add the firſt remainder; 
to this ſum add the next remainder, and ſo on 
continually: then the ſeveral ſums thus ariſing 
will reſpectively exhibit the ſines of all the inter- 
mediate arches, to every ſingle minute, excluſive 
of the laſt; which, if the work be right, will 


agree with che greater extreme itſelf, and therefore "A 


will be of uſe in proving the operation. 

But to illuſtrate the matter more clearly, let 
it be propoſed to find the ſines of all the in- 
termediate arches between 3* o and 3 45 to 
every ſingle minute, thoſe of the extremes being 
given, from the foregoing method, equal to 
505233595 and ,06540312 reſpectively. Here, 
the ſum of the fines of the extremes being mul- 
tiplied by ,0000000423, the firſt product will be 
00000000498, &c. or ,0000000030, nearly (which 
is ſufficiently exact for the preſent purpoſe); and 
this, again, multiplied by 22, gives ,0000001r 
for a 2d product; which added to ,000290381 5, 
ox part of the difference of the two given ex- 
tremes, will be ,0002904915, the exceſs of the 
ſine of 3% or' above that of 3% oo From 
| whence, by proceeding according - the 2d and 3d 
rules, the fines. of all the other intermediate 


arches are had, by addition and ſubtraction only, 
See the operation, 
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»000290|4915 exceſs 


4865 1 rem. 


50 


4815 24 rem. 
50 

4705 30 rem. 
50 


* 88 


4665 5" rem. 


{ [4615 6" rem. 


4465 9® rem. 


[4415 10" rem, 
| &c. | 


Again, as a ſecond example, let it be required 
to find the fines of all the arches, to every mi- 
nute, between 39 15! and 60® oO; thoſe of the 
[WO extremes being firſt found, by the preceding 


055 240640 


05233595 Aline 3 of 
„0002904915 
0526264415 ſine 35 i! : 
2904865 
20529169280 ſine 3 2! 
2904815 
2904765 


»0534978860 line 3* 4/ 
2904715 


— 


2904665 


— — 


0540788240 line 35 6' 


2904615 


,0543692855 W 


6＋— —¾ 


2904565 


„0346597420 ſine go 87 
— 0 


n 


1 


2904465 


— 


&c. | 


method. 


0537883575 line 3 5. 


0549501935 fine 30 of 


o fine 3 10 


/ 
— 
4 
| 
| 
Y 
” 
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method. In this caſe, the two extremes, being 
85940641 and ,86502 540, their ſum will be = 
1,72543, &c. and their difference = , 00661899; 
whereof the former, multiplied by ,000600042 3 
{ſee the rule) gives ,00000007298, &c, or 


_  ,0000000730, nearly, for the firſt product (which is 


exact enough for our purpole); therefore the 2d pro- 
duct, or ,00000007 3O x 22, will be ,00000 16060; 


which, added to g of the difference, gives 


,0001486947; from whence the . operation will 
be as follows : F 


„0001408 6947 exceſs 88940641 ſine 59? 15 
,20000[00730 1® prod. 0001456947 


186217 16 rem. ,8595551047 fine 59% 16 
939 1486217 6 


[85487 2* rem. ,8597037264 ſine 59* 1% 
1 1483487 


| 84757 34 rem. 8598522751 ſine 59 187 

42230 5 1484737 

184027 4 rem, ,$600007508 line 59* 19 
yp Rn. 1484027 1 


| 83297 5® rem. 8601491535 ſine 390 207 
| SHO” <<: . 1483297 | 


132567 6® rem. 8602974832 fine 39 21“ 
5 1482507 x 


EO 8604457 399 fine 59 22” 
"ME. - 3 Ke. 


After the ſame manner the ſines of all the inter- 
mediate arches between any other two propoſed 
extremes may be derived, even up to go degrees z 


C 3 bu 
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but thoſe of above 60 are beſt found from thoſe 
below, as has been ſhewn elſewhere. 


The reaſons upon which the foregoing opera- 
tions are founded, depend upon principles too 


foreign from the main deſign of this treatiſe, to 

be explained here, (even would room permit); 
however, as to the correctneſs and utility of the 
method itſelf, I will venture to affirm, that, who- 
ever has the inclination, either to calculate new 
tables, or to examine thoſe already extant, will 
not find one quarter of the trouble, this way, as 
he unavoidably muſt according to the common 
methods, 
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Spherical Trigonometry. 


circles DF and DA, 


by form two ſpherical 
triangles ABC and FOE, n 


DEFINITIONS. 


Great-circle of a ſphere is a ſection of the 
ſphere by a plane paſling thro' the center. 
2. The axis of a great-circle is a right line 


I. 


paſſing through the center, perpendicular to the 


plane of the circle: and the two points, where the 


| axis interſects the ſurface of the ſphere, are called 


the poles of the circle. 
3. A ſpherical angle is the inclination of two 


great · circles. 


4. A ſpherical triangle is a part of the ſurface 
of the ſphere included by the arches of three 
great · circles; z which arches are called the ſides of 
the triangle. 

5. If thro' the poles F 
A . F of two great- 


ſtanding at right- angles, 
two other great circles 


ACE and FCB be con- 
ceived to paſs, and there- 


the latter of the triangles 


ſo formed is ſaid to be the complement of the 
former ; and vice verſa. 


<< Sonor 


+ 
Gar 7. 
8 


ion of 
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COROLLARIES. 
1. It is manifeſt (from Def. 1.) that the ſection 


of two great-circles (as it paſſes through the center) 
will be a diameter of the ſphere ; and conſequent- 


ly, that their peripheries will always interſect each 
other in two points at the diſtance of a ſemi- 


circle, or 180 degrees. 


2. It alſo appears (from Def. 2.) that all great- 
circles, paſſing through the pole of a given circle, 
cut that circle at right-angles ; becauſe they paſs 


through, or coincide with the axis, which is per- 
„ REN my ? 


pendicular to it. W | 
1 o 3. It follows more- 
over, that the peri- 
phery of a great · cir- 
cle is every where 90 
2 N degrees diſtant from 
AI ESTES We | | 
ä E A meaſure of a ſpherical 
angle CAD “is an arch of a great-circle inter- 
cepted by the two circles ACB, ADB forming that 


angle, and whoſe pole is the angular point A. 


For let the diameter AB be the interſection of the 


great: circles ADB and ACB ( ſee Corol. 1.) and let 


the plane, or great-circle, DEC be conceived per- 
pendicular to that diameter, interſecting the ſur- 
face of the ſphere in the arch CD; then it is ma- 
nifeſt that AD = BD = go, and AC = BC =90* 
(Cor, 1.) and that CD is the meaſure of the 
angle DEC (or CAD) the inclinatiam of the two 
propofed circle. . 


Note, Although a ſpherical angle is, properly, the inclination 
of 1900 great-circles, yet it is commonly expreſſed by the inclina- 


7 their peripheries at the point where they interſicb each 
other. e „„ | 


4. Hence 


„ 
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Hence it is alſo 
manifeſt, that the an- 
gles B and E, of the 
complemental triangles 
ABC and FCE, are both 
right angles; and that 
CE is the complement 
of AC, CF of BC, BD 
(or-the angle F) of AB 
and EF ot ED (or the angle A). 


THEOREM I. 


In any rig bt angled ſpherical triangle it will bes ; 
as radius is to the: ſine of the angle at the baſe, ſo is 


the fine of the bypothenuſe to the fine of the perpen- 


dicular; and as radius to the co-fine of the angle at 


the baſe, ſo is the tangent of the bypothenuſe to the 
„„ | 


DEMONSTRATION. 


— —— 


„ F 
Loet ADL and AEL be two great- circles of the 
ſphere interſecting each other in the diameter AL, 


” 
— — — —— ee — 


it, and conſequently the angle A 


have 


| onal 
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making an angle DOF, meaſured by the arch 


ED; the plane DOE being ſuppoſed perpendicular 


to the diameter AL, at the center O. 


Let AB be the baſe of the propoſed triangle, 


BC the perpendicular, AC the hy pothenuſe, and 
BAC {or DAE = DE = DOE) the angle at the 


baſe : moreover, let CG be the fine of the hypo- 


thenuſe, AK its tangent, AI the tangent of the 
baſe, CH the fine of the perpendicular, and EF 


the ſine of the angle at the baſe; and let I, K and 


G, H be joined. 

Becauſe CH is perpendicular to the plane of the 
bale (or paper), it is evident, that the plane GC 
will be perpendicular to the plane of the baſe, and 
likewiſe perpendicular to the diameter AL, becauſe 
GC, being the ſine of AC, is perpendicular to AL. 


Moreover, ſince both the planes Ol K and AlK are 


perpendicular to the plane of the baſe (or paper), 
their interſection IK will alſo be eee to 

K a right- angle. 
Therefore, ſeeing the angles OFF, GH C and 
AIK are all right- angles, and that the planes of 
the three triangles OFE, GHC and AIK are all 
perpendicular to the diameter AL, we ſhall, by fi- 


milar triangles, 


OE: EF: GC: CH 

OZ:: : MK: A 

Radius: ſine of EOF (or BAC) : : ſine 
of AC: fine of BC. 

Radius: co fine of EOF (or BAC) 43 
tang. AC : tang. AB. RE. * 


Conor v. . ö 


Hence it follows, that the Gnes of the angles 
of any oblique ſpherical triangles ADC are to 
one another, directly, as the lines of the oppoſite 


ſides. 


For 


8 
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I 
For let BC be perpendicular w AD; -* 
then ( radius: fine A:: fine AC: fine BC bythe 
2 radius: {ine D:: fine DC: ſine BC 


former part of the theorem; we ſhall have, fine A „ 


fine AC (= radius x ſine BC) = ſine D x fine DC 


' (by 10 4.) and conſequently fine A : ſine D:: fine 
DC: ſine AC; or fine A: line DC: : fine D: fine 


AC. 
COROLLARY 2. 


It follows, moreover, that, in right-angled + 
ſpherical triangles ABC, DBC, having one leg 


BC common, the tangents of the hypothenuſes 


are to each other, inverſely, as the co-ſines of the 
adjacent angles. 


For ; radius: co- ſine ACB: : tan. AC: tan. BCY' 


ſince I radius: co- ſine DC B:: tan. DC: tan, BC 


by the latter part of the tbeorem; we ſhall (by ar- 


guing as above) have co- ſine ACB : co ſine DCB: : 


tang. DC; tang, AC. 


TORE I, BED 
In any right-angled ſpherical triangle (ABC) it 
will be, as radius is to the co-Jine of one leg, ſo is 
the co-fine of the other leg ta the co-fine of the 9 
potbenuſe. 1 „„ 4 


OO GTA AAA AER — 
. HS Vs AEGIS Hae 
— — — —— 
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N DEMONsTRATION. 


Let EF be the 


what has been already 
ſpecified; then it will be, 
by Theor. 1. Caſe 1. 


Radius: fine F:: fine CF: fine CE; that is, 
Radius: co-fine BA : : co fine CB: co-fine AC 
(Ve Cor. 4. P. 25.) Q. E. D. | 


COROLLARY. 


Hence, if two right- 
angled ſpherical trian- 


the ſame perpendicular 
BC, the co- ſines of their 
hypothenuſes will be to 
each other, directly, as 


fl 


the co lines of their baſes. Was 5 
For ; rad: co-{in. BC : : co- ſin. AB: co ſine AC, 
ſince N rad: co- ſin. BC : : co. ſin. DB: co- ſine DC, 
therefore, by equality and permutation, co ſine 
AB: co- ſine DB : : co fine AC: co- ſine DC. 


TEOREM III. 


In any right-angled ſpherical triangle (ABC) it 


will be, as radius is to the fine of either angle, ſo is 


zbe co-fine of the adjacent leg to the co-fine of the 


oppeſite angle, © 


Drcmon- 


complemental triangle 
to ABC, according to 


gles ABC, CBD have 
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DEMONSTRATION. 


Let CEF be as in the preceding propoſition ; 
then, by Theor. 1, Caſe 1. it will be, radius: line 
C:: fine CF: ſine: EF; that is, radius: fine C: 
co-fine BC lin A, 28D; 


COROLLARY, 


Hence, in right-angled ſpherical triangles ABC, 
CBD, having the ſame perpendicular BC ( ſee 
the laſt fgure,, the co-ſines of the angles at the 
| baſe will be to each other, directly, as the ſines of 
the vertical angles: 

For ( radius: fine BCA : : co- ſine CB: co-ſine A, 
| faced radius: ſine BCD : : co- ſine CB: co- ſine D, | 
therefore, by equality and permitation, 

Co-line A: co-ſine D: : line BCA : fine BCD. 


Tazorzu IV. 


In any right-angled ſpherical triangle (ABC ) it will 
be, as radius is to the fine of the baſe, ſo is the 
tangent of the angle at the baſe to the tangent of 
the perpendicular, 


For, ſuppoſing CEF 
as before, 

it will be, as radius : 
co line of F : : tang. 
CF : tang. FE (by the 
_ latter part of Theor. 1.) 
that is, radius : fine 
AB : : co-tang. BC: 
_ co-tang. A:: tang, A: 
tang. BC (by Corol. 5. 
P. 13) N E. D. 
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COROLLARY. g 
Hence it follows, that, 


triangles ABC, DBC, 


pendicular BC, the ſines 
of the baſes will be to 
each other, inverſely, as the tangents of the _ 
at the baſes: 

For F radius: ſine AB : : tang. A: tang, BC 
Fed radius: ſine DB:: tang. D: tang, BC 
we ſhall (by reaſoning as in Cor. 1. Theor, I.) have 

Sine AB : fine DB : : tang, D : tang. A. 


TRTOREN V. 


1 am right-angled ſpherical triangle it will be, as 
radius is to the co-ſine of the hypothenuſe, ſo is the 
tangent of either mg to in Og of the other 
angle.. 


For (CEF being as in the laſt) it will be, as ra- 


dius : fine CE : : tang. C: tang, EF (by Theorem 


4.) that is, radius: co- ſine AC : : tang. C : co- 


tang. A. 2 E. D. 


LENA. 
As the 1 of the fines of two unequal arches 


is to their difference, ſo is the tangent of half the 


Jum of thoſe arches to the tangent of half their 
difference : and, as the ſum of the co-fines is to their 
difference, ſo is the co-tangent of balf the ſum of the 


arches jo the tangent of half the Dakar of the 
F or, 


fame arches, 


in right angled ſpherical - 


having the ſame per- 


Wa ts 5 
FEES 
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For, let AB and K | be is 


ACbe the two pro- ' Ny. 
ed arches, and I 1 
po BG and CH be [=S i 
| | - | 


their fines, and OG 
and OH their co- 
fines : moreover, | 


| 5 | | Fi 
let the arch BC be A $4 : 
equally divided in 3: Fog 
D, ſothat CD may 1 . 


be half the dif- H 8 * BG - 
ference; and AD 


half the ſum, of AB and AC : let the radii BD 
and OC be drawn, and alſo the chord CB, meeting 


OE in E and OA (p roduced) in P; draw ES paral- 
jel ro AO, Seetag CH in S, and EF and OK per- 
pendicular to AO, and let the latter meet EC (pro- 


duced) in 1; laſtly, draw QDK perpendicular 000. 
meeting OA, OC and Ol (produced) in Q, L and K. 


Becauſe CD = BD, it is manifeſt that OD is not 


only perpendicular to the chord BC, but biſects it 


in E; whence, alſo, EF biſects HG; and therefore 


CH BG = 2EF, and CH BG = 2CS, alſo 


OG ＋ OH = 2OF, and OG — OH = HE 
but 2EF (CH ++ BG): 2CS {CH— BG) :: 
CS:: EP: EC (by 14. 4.) : : DQ (the <hads at 
AD) : DL (the tangent of DC, by 20. 4.) And 
20 (OG + OH) : 2HF (0G — OH): "EL: EC 

: DK (the co-tang, of AD) : DL (the tang. 


Pech. 9. E. D. 


THEOREM VI. 


In am ſoberical triangle ABC it will be, as the 
co-tang ent of half the ſum of the, two ſides is to the 


e of half their difference, ſo is the 60-tangent of 
half the baſe to the tangent of the diſtance (DE) of the 
. perpendicular from the middle of the baſe, 


Duon- 


SED; 
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DEMONSTRATION. 


C Since co- line AC; : 
| co fine BC : : co fine 
AD: co- fine BD (by 
Cor. to Theor. 2.) hens. 
fore, by compoſition and 
diviſion, co-fine AC + 
co- ſine BC: co ſine AC 


B 
FD 


— C0- fine BC : : co-fine AD + co-ſine BD : co- 
| fine AD — co-ſine BD. But (by the preceding 
lemma) co-fine AC + co-fine BC: co fine AC — 


* : tang, 


co- ſine BC :: : co - tang. — ae, I BC ; 
2 


and co- ſine AD + Ge BD : co- ſine AD = 
co-ſine BD : : co-tang. of AE ( — +=) : tang. 


DE. 2— 


); whence, by equality, co- tang. 
MD O. 


DE. 


8 COR OLLAR V. 
Since the laſt proportion by permutation, be- 
comes co · tang. R: co-tang. AE : : tang. 


2 
AC—BC 
2 


: tang, DE, and it is proved, in P. 13. 


that the tangents of any two arches are, inverſely, 


as their co-tangents 3 it I, therefore, that 


tang. AE: tang. a — E: : tang. AL _ 


— —— 


2 


| 2 tang. DE; or, that the tangent of half the baſe, 
is to the tangent of half the ſum of the ſides, as the 
tangent of 7075 the difference of the ſides, to the 


tangent 


; tang. : co-tang. AE: tang. 
2 
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: tangent of the diſtance of the W e from the 
2 of the baſe. 


THEOREM: vil. 
= In any ſpherical triangle ABC, it will be, as the 


co-tangent of half the ſum of the angles at the baſe, 

is to the tangent of half their difference, ſo is the 

tangent of half the vertical angle, to the tangent of 
. the . which the perpendicular CD makes with ihe 
Nne CF Biſecting the vertical angle. (See the * 5 


ding figure.) 
Daneliern Arion. 
4 It will be (by Corol. to Theor. 3.) co ſine A: co- 
= fine B:: fine ACD: ſine BCD; and therefore, co- 
7 ſine A + co-ſine B: co-fine A — co- ſine B:: ſine 
1 ACD + fine BCD: fine ACD— fine BCD, But 
1 B+A BEA 
= (by the lemma) co- tang. ; tang, 2: 


(co-ſine A + co ſine B: co-fine A — co-lineB:: 
fine ACD + fine BCD : fine ACD — fine BCD) 
| tang. ACE : ! tang: DCF. 2, E. D. | 


5 : A. 
3 T 


Spherical T. rigonometry, 


* . 
* 
- 
7 


= 


B 


1 Fu ſolution of the caſes of right-angled ſpherical |} * 
| 8 | | A | 


—_—_ 


12 TING 
85 Given 


— 


| Sought | Solution. 


— 


| | The hyp. ['T The oppo-| As radius : Ice byp. AC: 
I|AC and one] ſite leg | fine A; fine BC (5 the for- | 
angle A 4 BC mer hart of Theor. 1.) 
The hyp. | The * As radius : co-line of A: : | 
2 AC and one| cent leg tang. AC : tang. AB (by the 
PW, angle A AB laiter part of Theor. 1.) | 
Te hyp. The other As radius: co-ſine of AC | 
3|AC and one angle C |: : tang. A: co-tang. C (* 

| angle A Tier. 3 3 
—| The hyp. | The other | As co fine AB : radius : 

| 4 |AC and one leg BC [| co-fine AC: co-line BC ( by 
t | leg AB 1 Theor. 2.) f 


The hyp 5 1 he oppo- As fine AC : radius 7 7 fine 
IT AC and one| lite angle | AB : fine C (by the former 
| leg AB C part of Theor, 1.) 

| ' The hyp. | The adja- As tang. AC : tang. AB: : 
6 AC and one| cent angle | radius : co-fine A (by 
leg AB A | Theor, „ 


— 


g | The other | As radius: fine AB:: tan- 
\ JAB and the leg BC gent A: - tangent BC * 
7] adjacent | * | Ther. 4) 
= angle A 1 


act wo. _— . — 2 — — — 
„ 
— — 


Wo 


py Caſe 


* 
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Given. Sought, - | "Solution | 


Une leg The oppo- "As" radius? ne N: c. 
JAB and the] ſite angle | ſine of AB: ; co-ſine of C (by | 
adjacent S Ther, 3) I 


$7 


One Teg | The hyp. | As co-fine of radius : 
AB and the] AC | tang. AB: tang. AC 055 
„„ 80 1.) 
angle A 3 
Uneſſeg | The other | As rang. A: tang. BC: : ta- 
BC and the] leg AB» dius: "_ AB (by Theor. 4. 1 


p 


— 


[ oppolite 4 | | 

angle A | —_ fs 
\ | Oneleg | The adja- As wang BC: "Alla; 2 
A 1 BC and the] cent angle] co- ſine of A: fine C (by | 
II oppoſite C Theor. 3). 9 
= angle A 
Ine leg | The hyp. | radius 

gd 14 BCandthe| AC | : fine AC ( by Theor, F) -| 
- oppoſite | 


1 angle A 3 . 4 
[- | Both legs | | The hyp. As Tadiee? ; co- Fae AB: | 
{1 3]AB and BC Ac ſ co-fine BC : co- ſine AC. l 
| 3 (by Theor, 2. ) 9 
Both Tegs | An angie; As fine AB radius : : rang. | 
14 AB and BC ſuppoſe A BC: tang, A (by Theor, 4. 0 
= | 
| [Both angles} A leg, TY r co. Ine U ra- 
15] A and C | ſuppole | dius ; co fine AB (ly Ther, | 1 | 
- | AB | 3.) | 9 
oth angles The byp. | AS tang. A: Fo-tang. C:: 
16 AandC | AC alli; cots [2 


E . . De- 


— 


— —— 
* 


, 


- 


Note, 7 be 10th, 11th ana 12th caſes are a fucy | 
it cannot be determined, by the data, whether TT C, and AC, 
he. greater or le/s than go degrees each, 
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. 5 
The ſoluti "ou ; of the caſes of oblique ſpherical tri- | 
angles. . 1, 
| 5 | 
FO: 13 my 888 
= | Given Sought Solution. - . 


Two ſides AC, The angle B As fine BC : fine A: : fine AC: \ | 
| BC and an an-| oppofite to | fine B (by Gor. 1. 10 Theor, 1.) Note, 
J ' yte A oppolite| the other | This caſe is ambiguous when BCis| 
; to one of them | leſs than AC; fince it cannot be 

15 | | determined from the data whether 
B be acute or obtuſe. | 1 


6—— ae. af 


| Two ſides AC, | The included | Upon AB e (ine need be) let 
4 BC and an an-] angle ACB fall the perpendicular CD; then Go | 
| gle A oppoſite | Theor, 5.) rad. : co-fine AC : : | 
to one of them tang, A: co-tang. ACD; but (by | 
17] | | | Cer. 2. t9 Theor, 2.) as tang. BC : 
| tang, AC : : co-fine ACD : co-fine 
| | | | BCD. Whence ACB = ACD 4 
| | | | BCD ts is known. 


Two ſides AC, The other | As rad. : co-fine A: : tang, Ac: 
BC and an an-] fide AB | tang. AD ( Theor. 1. 1254 (25 Cor. 

gle oppoſite to to Theor, 2.) as co-fine AC : co-fine | 
3 ſone of them | BC : : co-fine AD : co-fine BD. 
| | | Note, This and the laft caſe are 
„ | both ambiguous when the firſt is ſo, | 


— = * 


— 


—_ 


ͤ— 


— 


| | Two ſides AC, The other | As rad. : co-fin, A : : tang. AC : 
IA; and the in-] {de BC | tan . AD (byTheor. 1.) whence BD 
| 4 cluded angle A | is alſo known; then (by Gral. to 


| \ Theor. 2.) as co-ſine AD: co-fine 
= | | | BD: co· ine AC : co-ſine BC. 
— — — — = — — ö 
{ | Two des AC, | Either of the | As rad. : co fine A: : tang. AC : 
| [AB and the in- | other angles, | tang. AD (by Theor. 1.) whence BD | 
: 5 |cluded angle A | ſuppoſe B is known; then (y Gor, to Theor, 4.) 

19 | as fine BD : fine AD : . A: 
; | tang, B. 


- ? — * | 
* — - a * * p 5 N : 


E Caſe 


| 
8 


$ 
of 3 
7 "6 
8 
* * 
. U 


R 15 | ; 8 — 
2 Given | Sought | ' Solution, | 

1 xt oth, 8 = 7 * "Uh ; . oy 

| Two angles A, | The other | As rad. : co-fine AC : e rang. A: 
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_ | ACE and the angle B [co-tang. ACDC Theor, 5) whence 
| 6 | fide AC be- BCD is alſo known ; then (by Cr. 
wwixt them. Ito Theor. 3.) as fine ACD : fine 
by. 0 E- | BCD * : co-fine A: co fine B. 


— & bn PE . 
1 — 
—— IR? — 
% - — 1 —B 


| Two angles A, | Either of the | As rad. : co-fine AC : : tang. A: 
ACB and the | other ſides, co-tang. ACD (by Theor. 5. ) whence. 
| 7 | fide AC be- | ſuppoſe 5. BCD is alſo known ; then as co-fine | 
twixt them | of BCD : co-fine ACD: : tan, AC 
- x : tang. wo ('y Gr. 2. to Theor, I ) 
Twoangles A | The fide BC | As fine B: fine AC: : fine A: fine 
g | B and a: fide | oppofice the | BC 6 eee. 70 Theor, 1. ) 
| | AC oppoſite to] other | 


one 'of them. | | 2 ; | 
15 1 rn 1 3 
| rw wo angles A, | The fide AB | As rad, : co-fine "A'S, : tang. AC: 
B and a fide AC] betwixt them tang. AD (by Theor, 1.) and as fan. | 
19 oppoſite to one IB: tang, A: : fine AD : fine BD 
eie, ee. Theor. 4). whence AB is] 
| | | 7” | e known. LES 74 
Two angles A, The other As rad, : co-fine AC : 1 tang; A: + 
| B and a fide AC angle ACB ca-tang. ACD (by Theor, 8.) andas] 
_ [10] oppoſite to one co-fine A: co-ſine B:: fine ACD 
flof them 1 | : fine BCD (by Gir: to Theor, 3.) 
TJ * | | | | 5 | whence ACB is alſo known. N 
( — : —_ 0 | X 
All the three | A bh — . 
| ſides AB, AC n WG As tang. Lan! : 8 — 
| and BC, „„ 3 AC — BC 
| | | : tang,” 2 ; tang. 11 the 
YO | | | 
492} | E 'þ diftance > the perpendicular from 
| the middle of the baſe (by Cor. to 
| Theor, 6,) whence AD is FI Hi | 
"Fg I then, as tang. AC: tang, AD: 
1 EIT rad. * co-fine A (by 7 1 
_ — —— : 7 
All the three | a ſide, ſup- ABC+A,, ABC—A 
| angles A, B poſe : Ac As co- tan. f an.— — 
N and -ACB SLIDE GERT oe Se Pet | 
| . F : 3 tang, — 3 tang. of the angle | 
hh | | included by the perpendicular and a FI 
5 line biſecting the vertical angle; 
A ; whence ACD is alſo known; then 


4 | (by Theor g.) tang. A : co-tang, 
IAD :: rad, : co-fine AC, 


Nate, In letting fall your perpendicular, let-it always be ew the end 
ct a. given 5 and oppoſite to a given angle; \ Neg , 


Fr 
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Vibe nature and conſtruction 0 of Ai 
with their application to the doctrine of 


tri angles. 


8 the buſineſs of trigonometry is wonder- 
fully facilitated by the application of lo- 
garithms; which are a ſett of artificial numbers, ſo 
proportioned among themſelves and adapted to 
the natural numbers 2, 3, 4, 5, &c. as to per- 
form the ſame things by addition and ſubtraction, 


only, as theſe do by multiplication and diviſion: 


T ſhall here, for the ſake of the young beginner 
(for whom this ſmall tract is chiefly intended) add 
a few pages upon this ſubject. But, firſt of all, it 
will be neceſſary to premiſe ſomething, in general, 


with regard to the indices of a geometrical pro- 
greſſion, whereof: logarithms are a paruculsr ſpe». 


ClE8..... 
Det. therefore, 1, a, al, 8a, as, 45, as, a5, &. 
be a geometrical progreſſion whoſe firſt term is 


unity, and common ratio any given quantity 4. 


I hen it is manifeſt, 


1. T bat, the ſum af the indices of any two tomy. 


of the progreſſion is equal to the index of the produft 


of thoſe terms. Thus 2 + 3 (5) is = the index 


of a. x &, or a5; and 3 + 4 (= 7) is = the index 
of a) X a+, or a7, This is univerſally demonſtrated 
in p. 19. of my book of Algebra. - 


2. That, the difference of the indices of any io 
terms of the progreſſion is equal to the indes of the 


guotient of one of them divided by the other, Thus 


45 


5—3 is = =the index of J or 4“. Which i is only 


the converſe of the preceding article, 


"+ That 


to S d 


2 - Py SiS. W 


e 


* 
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3. That, the produft of the index of any term By 
a given number (n) is equal to the index of the power 
whoſe exponent is the ſaid number (n). Thus 2x 3 
(6) is = the index of 4 raiſed to the 2d power; or 


2. This is proved in p. 38, and alſo follows from 
_ article 1. TEE « 1255 . 


4. That, the quotient of the index of any term of 
the progreſſion by a given number (n) is equal to the 
index of the root of that term defined by the ſame 
number (n). Thus + (2) is = the index of 4 
the cub? root of a5, Which is only the convei 
of the laſt article. Ir ee the 


Theſe are the properties of the indices of a geo- 
metrical progreſſion ; which being univerſally true, 
let the common ratio be now ſuppoſed indefinitely 
near to that of equality, or the exceſs of a above 
unity, indefinitely little; ſo that ſome term, or 
other, of the progreſſion 1, a, a, a, a*, a, &c. 
may be equal to, or coincide with, each term of 
the ſeries of natural numbers 2, 3, 4, 5, 6, 7, 


| &c, Then are the indices of thoſe terms called lo- 


garithms of the numbers to which tbe terms them- 
ſelves are. equal, Thus, if a = 2, and #® = 3, 
then will m and = be logarithms of the numbers 
e net PE ta RF 
Hence it is evident, that what bas been above ſpe- 
cified, in relation to the properties of the indices of 


powers, is equally true in the logarithms of numbers; 


ſince logarithms are nothing more than the indices 
of ſuch powers as agree in value with thoſe num- 
bers. Thus, for inſtance, if the logarithms of 2 
and 3 be denated by m and #z; that is, if * = 2, 
and a* = 3, then will the logarithm of 6, (the 
product of 2 and 3) be equal to mz + # (agreeable. 
to article 1); becauſe 2 x 3 (6) =a"Xa" = at . 
"a © 
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But we muſt now obſerve, that there are various 
forms or ſpecies of logarithms ; becauſe it is evi- 
dent that what has been hitherto ſaid, in reſpect to 
the properties of indices, holds equally true in re- 

lation to any equimultiples, or like parts, of them; 
Which have, manifeſtly, the ſame properties and 
_ Proportions, with regard to each other, as the in- 
dices themſelves. But the moſt ſimple kind of all, 
is Neiper's, otherwiſe called the hyperbolical, 

The hyperbolical logarithm of any number is the in- 
dex, of that term of the logarithmic progreſſion agree- 
ing with the propoſed number, multiplied by the exceſs 
of the common ratio above unity. ens 

Thus, if e be an indefinite ſmall quantity, the 


| hyperbolic logarithm of the natural number agree- 
ing with any term 1 + e' of the logarithmic pro- 
greſſion 1, 1 Te, I Te, 1 T e, 1 T 4, &c. 


will be expreſſed by ne. 


PROSY⁰OSTIT IOI I. 


The hyperbolic logarithm (L) of a number being gi- 
ven, to find the number itſelf, anſwering thereto. 


Let i +7" be that term of the logarithmic pro- 
greſſion 1, 1 el“, 1 T e', 1+el', 1 Te, &c. 
which is equal to the required number (N). Then, 


becauſe 1 + el" is, univerſally, = 1 + ne + 1. 
A—_T „„ — —2 


"0 „ rr 4 3 „ &c. we ſhall, alſo, 
| un 11 „ — 1 1—2 
have i + ne + 1. 5 *. . — « 63 


&c. = N. But, becauſe » (from the nature of 

logarithms) is here ſuppoſed indefinitely great, it 

is evident, firſt, that the numbers connected to it by 
che fign , may be rejected, as far as any aſſigned _ 
5 „ number 
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number of terms bein indefinitely ſmall in com- 

pariſon of n: it is alſo evident, that they may 
be rejected in all the reſt of the terms of the 

ſeries ; becauſe theſe terms (by reaſon of the in- 
definite ſmallneſs of e) bear no aſſignable propor- 
tion to the preceding ones. Hence we have 1 ＋* 


nie me ne. 
wt 2 3 1 2737 &c. =N: but ne is 


(L) the hyperbolic logarithm of 1 + TX (or N) 
by what has been already ſpecified: therefore 1 + 
L+= L E I.“ L 8 

*r Der 
9. E. 'L 


PR O p. II. 


To determine the hyperbolic logarithm (L ) of any given 15 
number (N). 


It appears from the preceding Prop. that 14 L. 
* 75 "ay — = Sens is =N: therefore, if » + I be 
1 
put =N, we ſhall have L + — 2 2-3 * 

e. A and conſequently, by reverting the ſe» 
M W ne K 5 


-ries, L = X — — ++, — 7 Ke. 


OTHERWISE. 


| Becauſe 1 I 1+ =N (by the definition of lo- 
garithms) we ſhall have 1 + e = : N= 1 +"; 


by putting 1 + x = N, and m =5 Therefore, 


1 being 14 6 . 7 — * *r 
as 


* 
* 


"> 
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921 n — 2 


— _ 


& &c. we baye e = mes + u. 


2 . 
Mom] M—TI n — 2 
es Rats n. — — — — * 3 &c. where, 1 
2 


bein rejected in the factors m — 1, 1 — 2, M— 3 
&c. as indefinitely ſmall in compariſon of 1, 2, 3 


&c. the equation will become e ＋ m — — + * 
» 2 


Mx mx | 3 
25 &c. s — 


** E 2 


. 7 * 3 = Kc. the very me as be- 
Fay 


But this ſeries, tho' indeed the moſt eaſy and 
natural; is of little uſe in determining the loga- 
rithms of large numbers; ſince, in all ſuch caſes, 
it diverges, inſtead of converging. It will be 
proper, therefore, to give, here, the invention of 
other methods, which authors have bad recourſe 
to, in order to obtain a ſeries that will always 
converge. 


— 


F irſt, then, let the number Abe logarithm | 


I 
you would find be denoted by 5 where it is 
manifeſt (however great that uber: may be) 
x will be always lets than unity : moreover, let 


1 I +el (as before) be the term of the logarith- 
mie progreſſion agreeing with the _ propoſed 


ana or, which 1s the ſame, let 1 i+= 


: then, by taking | the root an both lides) we 


; 1 F 
- . 5 5 
ſhall have 1 +e=——=1—ﬆP r 1 | 


1 — 


ner | 5 


(by 


f 
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(by making n 458 =1— mx + .—. 


. * &e. where m being re- 


jected in the faftors m— 1, n — 2, &c. (as before) 
our equation will become 1 * e 2 1 — Mx — 


mx mx) x3 x+ 


* — * &c. whertce # + 5 "9" T7 — 25 


= —— nne S the 8 3 3 


— m Ix 
Which ſeries, it is . will always converge, 


let the value of - — be ever lo great; becauſe * 


will be always leſs t Far unity. 

But it is further obſervable that this ſeries has 
exactly the ſame form (except in its ſigns) with 
that above for the logarithm of 1 + *; and that, 
if both of e added together, the ſeries 2x + 


wok 5 ad +2 2 Kc. thence ariſing, will be more | 


3 5 . 

ſimple than either of them; ſince one half of the 
terms will be intirely deſtroyed thereby. There- 
fore, becauſe the ſum of the logarithms of any 
two numbers is equal to the logarithm of the pro- 
duct of thoſe ag 10 ſee Article 1.) it is mani- 


feſt that 2x + "> 1 = &c. will "ny expreſs | 
p 


the ge of 7 Ry 5 or Or - 2 * TY *. When 


ſeries converges, ſtill, kalba 5 x += _— — bee. 


not only becauſe the even powers are 33 de- 
ſtroyed, but becauſe x, in finding the logarithm 
of any given number N ), will have a les value. 


But 
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But now, to determine what this value muſt be, 
make - — — = Ns and then x will be found = = 


Nr, 
N 1 N ; but if the quantity propoſed be a radon 


p 
| ( 1 inflead of a whole number, makeg= 1 > 
ft 


1 * 


. P—Q 
and you wil have x = FCO either of which 


values, ſubſtituted in the foregoing ſeries 2x + 
2x3 2x5 


3 ET &c. will give the hyperbolic logarithm 
ef the reſpective number. 


Example. Let it be propoſed to God the byper- 
| bolic logarithm of the number 2. 


„ 


Here x being =; Ti = and a = g we 
„„ 

** 333333333 bee 

1 (= gx) = ,037037037 & 

4 (= 3x3) = ,004115226 4 

x7 (S 4x5) = ,000457247 Kc. 

& (= x?) = ,00005080; &c. 

& 1 (= 4x9) = ,0000045645 &c. 


* (= 3x") == ,000000627 &c. 
vs (= z) = ,z00000006g9 &c. 
pl... GC" 


Which values being reſpectively divided 1 the 
numbers, 1, 3, 5, 7, 9, &c. and the ſeveral quo- 
tients added together, (/ce the general ſeries) we 
ſhall have 346573500 &c. whoſe double, being 


„693147180 &c. is the byperbotical logarithm of 
_ the number 8 


Alfter 
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After the very ſame manner the hyperbolic lo- - 
garithm of any other number may be determined; 
but, as the ſeries converges, ſlower and ſlower, the 
higher we go, it is uſual, in computing of tables, 
to derive the logarithms we would find, by hel 
of others already known; for which there are 
various methods ; but the following is the moſt 
commodious and fimple, that has occurred to me, 


eſpecially, when a great degree of accuracy is res 


quired. 


It is thus. Let a, 5 and c denote any three 
numbers in arithmetical progreſſion, whoſe com- 
mon difference is unity; then, à being =b&— x 
and c gi, we ſhall have ac=b'—1, and con- 


ſequently £ = ==E 1. Whence, by the nature f 
08 3 we likewiſe have 2 log. b — log. 


— 


ac 


a — log. c = log. 


but the logarithm 


of ac+1 ,b 3 ill b — 2 
ac Ian 2c + 1. *s 2. | N 1 ＋ * 


= F. 7 Kc. (by what has been already 
. 858 


ſhewn) : which being denoted by 8, we fall 


log. $5 5 loſe 4+ 4.06 6 + 28. 
have < log. 4 S 2 log. 5— log. c = S. & 
log. c = 2 log. b— log. a — 2 


As an example hereof, let it be propoſed to find 
the hyperbolic logarithm of 3. 

Then, the hyperbolic logarithm of 2 being, al- 
ready found = ,693 147180 &c. that of 4, which 


is x5 double thereof, will alſo be known. 'There- 
fore, 8 S 2, 0 3, and Cc = 4, we __ 
this 
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this caſe, have x 2 oY 


) S rs and "= 235 1 
whence | TENN 
TIF a7) = = ud ee & c. 


= 3 = ,000000704 &c, 
ec. &c. 


1 herefore 28 (2 +5 kee ⸗ 25058891 bs and 


conſequently hyp. log. 3. (= by. 2 + byp. 2 4. 


2 
+ 2 8) = 1,098612288 &c. 255 
2. Let the hyperbolic logarithm of 10 be re- 
quired. 


The logarithms of 3 and 9 being given, from 
thoſe of 2 and 3 (already found), a any; here, be 


=8, hog and c 10; and then 1 5 being - 


=, we ſhall have + S (x +E 5 +8 Kc.) = 
161 1 


246+ 


5006211180 &c. + ,000000079 &c. &c. 
006211239 &c, 
And therefore log. 10 (2 log. 9 — beg $ 89 
= 2, 30258 3092 &c. 
| Hitherto we have had regard to logarithms 
of the hyperbolic kind : but thofe of any other 
kind may be derived from theſe, by, barely, multi- 
Plying by the proper multiplicator, or modulus. 
Thus, in the Brigean (or common) form, where 
an unit is aſſumed for the logarithm of 10, the 
logarithm of any number will be found, by mul- 


tiplying 5 
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tiplying the hyperbolic logarithm of the ſme 
number by the fraction 1434294491 &c. which is 
the proper modulus of this form. 
For, ſince the logarithms of all forms preſerve 
the ſame proportion with reſpect to each other, it 
will be, as 2,302585092 &c. the hyperbolic log. 
of 10 (above found) is to (H) the hyperbolic 
n of any other _— ſo is 1, the 
H 
2362585692 Nc.) 
H x 43429448 1 &c. the common logarithm of 
the ſame number. 
But (to avoid a tedious multiplication, which 
will always be required when a great degree of 
accuracy is inſiſted on) the beſt way to find the 
logarithms o of this form is from the ſeries 2x * 


2x3, 2K 
3 * &c. x 0,434294481&c, whichexpreſes 


common logarithm of 10, 0 (— 


| Hes common logarithm of — > (by what has been 


already ſhewn), and which, pl making R = 
868588963 &c. will ſtand more commodiouſly 
Rx Rx Rx? 


thus, Rx N +” N &c. | 
For an example hereof, let the common lo- 


garithm-of 7 be required: in which caſe (the lo- 
garithms of 8 and 9 being known, from thoſe of 2 


and 3), we ſhall have log. 7 = 2 log. 8 —log. 9 


Ræ R 
PAT] Ne Re + 3 4 
&c. 1 AE e 77550 
155 : whence ( mos T7 bad mal have 


7 - Rx" 
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ht 868 ec. 

Rx [= e — = ,006839283 &c. 
Rx ( = 17 = = 4000000424 &c. 

| Rx 3 

Rx* (= 16129 ) = = ,00000000002 c. 3 

| 7 &c. &c. 

Rx: 5 

Conſequently S (Rx + + 0 = 


5 
5006839424 &c. and 2 log. 8 — log. 9 — 8 LI 


4845098040 &c, = the common logarithm of 7 
required. But the ſame concluſion may be e 
out by fewer terms of the ſeries, if the lo 

rithms of the three firſt primes 2, 3 and 5; be ſap. 
poſed known; becauſe thoſe of 48 and FA (which 
are compoſed of them) will likewiſe be known; 
from whence the logarithm of 7 (= 4 log. 49 = 


| 2. ST 2 — 4 om come out 


the; (as before) which value will be true to 11 
Places of figures by taking the firſt term of the 
ſeries, only. 

Again, let the common logarithm of the next 
prime number, which is 11, be required. Here 
à may be taken = 10, 5 = 11, and e = 12; but 
fewer terms of the ſeries will fuffice, if other 
three numbers, compoſed of 11 and the inferior 
primes, be taken, whereof the common difference is 
an unit. Thus, becauſe 98 =2x 7x 7,99 = 3 x 


3x 11 (9x11), and 100=2x2x5x5 (or 10 X 10), 


tet there be taken a=98, þ=g9, and c = 100; and 


then, by the firſt term of the ſeries only, the log. 


of 99 will be found true to 14 places; whence that 


of 1 dog. 9 99 — - log. 9) is allo known. 


But 


84509804 


f 
5 
91 
i 
4 
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But notwithſtanding all theſe artifices and com- 
pendiunis, a method (ſimilar to that in page 18.) 
for finding the logarithms of large numbers; one 
from another, by addition and ſubtraction, only, 
ftill ſeems wanting in the calculation of tables; I 
ſhall, therefore, here ſubjoin ſuch a method. 


1. Let A, B and C denote any three e in 


arithmetical progreſſion, not leſs than 10000 each, 
whereof the common difference i is 100, 


2. From twice the logarkttim of B, ſubtract the 
jum of the logarithms of AandC „ and let = | 


remainder be divided by 10000. 


3. Multiply the quotient by 4945; and to the 
product add +3; part of the difference of the 
logarithms of-A and B; then the ſum will be 


the exceſs of the logarithm of A +r above that 


of A. 


4. From this exceſs let the quotient (found by 
Rule 2.) be continually ſubtracted, that is, firſt from 


the exceſs itſelf, then from the remainder, then 
from the next remainder, &c. n 


8. To the logatithis of A add the ſaid OY 


and to the ſum add the firſt of the remainders; 


to the laſt ſum add the next remainder, &c. &c. 
then the ſeveral ſums, thus ariſtng, will exhibit the 


logarithms of A + 1, A+2, A +3, &c, — 


tivel Fe 


: Thus, Jet it be propoſed to find the hawks, 

of all the whole numbers between 17900 and 

18 100; thoſe of the two extremes 17900 and 

| 18100, and that of the mean ( 18000) being given. 
E Then 


, 
, — * 4 1 7 \ ＋— — 


The Nature of Logarithiis. 


being 4.228301 
equal 3 44255272505 


( 42257638575 
log. 2 log. C — 


50 
Then the loga- 5 
rithm of ei 
we ſhall have 2 log, B — 


10000 
2000000001 34 (ſee Rule 2.) which multiplied by 
49,8, and the product added to B.. eg. A 


100 


gives ,00002426107 for the exceſs of the lo- 
garithm of A + 1 above that of A (by Rule 3.) 

From whence the work, being continued according 
to Rule 4 and 5, will ſtand as follows: 


' 000024[26107 exceſs, 4,25 


134 
25973 Ift rem. 
r 
25839 24 rem. 
. 134 | 
25705 3* rem. 
. 134 
125571 4 rem. 


1 334. | 
25303 6th rem. 
r : 
1325 169 7 rem, 
134 

25035 8th rem. 
12 
124901 9 rem, 
\ 134 


e. &c. 


25437 5 rem. 


[24767 10" rem. 


292581010 log. 17903 
1 2425705 . 
| 295006724 log. 17904 


| 297432295 


1299857732 
'|__2425303 
| 302283035 
3 2425169 


| 2853031 log. 17900 


2426107 excels, 


287729207 log. 17901 
429273 


[299155180 log. 17902 


2425839 


MASS24 7 5. 
log. 17905 | 


2425437 


log. 17906 


304708 204 log. 17908 
2 


[397133239 log. 17909 


309558140 log. 17910 
&c. _ 


Note, 


11 


a 


the hypothenuſe AC = 
| 179 10 feet, and the an- 
8 


the perpendicular BC and & — The? 
the baſe AB. 


The Application of Logarithms, T 

Nete, The logarithms found according to this 
method, in numbers between 10000 and 20000, are 
true to 8 or 9 places of figures: thoſe of num- 


bers between 20000 and 50000 err only in the g% 


or 10 place; and thoſe of above 50000 are true 
to 10 places, at leaſt, | 


Having explained the manner of conſtructing a 


table of logarithms, and that by various methods, 


I now come to ſhew the ule of ſuch a table in the 
buſineſs of trigonometry, 


_ Firſt, in the right- 
angled plane triangle 
ABC, let there be given 


eA=25* 20; to find 


Here, becauſe radius: ſine 33 200/:: 17910: BO 


(iy Teer. 2.9.6.) we have BC Ee, 


radius 

therefore, becauſe the addition and ſubtraction of 
logarithms anſwers to the multiplication and di- 
viſion of the natural numbers (ſee p. 38, 39.) we 
have log. BC = log. fine 35* 20 + log. 17910 —» 
EE LB OR iS copied) 12 

But, by the tables of artificial, or logarithmic, 
ſines “, the log. ſine of 35* 20! will appear to be 
9,7621775; to which add 4,2530950, the log, 
of 17910, and from the ſum (14,0152731) take 10, 
the log. of radius, and there reſults 4,0152731 
= the log. of BC; which, in the tables, anſwers 
to 10338, the length of BC required. | 


A table of artificial ſines is nothing more than a table of the 
_ logarithms of the numbers expreſſing the natural fines, to the radius 


10000000000 ; whoſe logarithm is 10. 


E 2 1 


A a nel] 
« TN _# 
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Again, for AB, it will be, as radius : fine of C 
(54? 4d): : AC (17910) i AB (by Theorem 9 
Whence, by adding the logarithms of the ſecond 

and third terms together and ſubtracting that of 
the firſt (as above), we have AB = 14611, See 
the operation. _ 


Log. radius 10, 
Log. fine C (34 400) 9,9118844 
Log. AC (17910) -- 4, 253096 


— aan. as ©. 


Log. AB = 14611 - 4,1646800 


A. Moreover, in the ob- 
lique plane triangle ABC, 
let there be given ABZ = 
75, AC = 60, and the in- 

cluded angle A = 487; 
to find the other two an- 

B gles. Then (by Theorem 
5.) it will be, 


As AB + AC (135) its log. 2,1303338 


1¹»üꝛä — 


is to AB — AC (15) its log. 1,1760913 
0 T. S (669) « 0,3644469 


1 1,5275082 


* 


x 4 


to the T. LES = 14" oo : 9,3971744 


Which 14 added to 66, the half ſum of the 
angles C and B, gives the greater C = 80; and 
ſubtracted therefrom, leaves the leſſer B = 52% 


* . Laſtly, 
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Laftly, in the right- =” 
angled _ ſpherical triangle 
ABC, let there be given 
the hypothenuſe AC.= 
609, and 3 ch 
23» 29“; to find the baſe N | B 
and perpendicular. Then 
- (yT, beor. I. P. 25. ) the operation will be as follows: 


Log. radius - == . 10, 


** 


* 


Log I fine A (290 29/) - + - - « 75500 090 | 
Log. line AC (60 - - —— 949375306 


Log. fine BC = 20 1 e 9.379396 ; 
Alſo, log. radius - 10, 5 


Log. Co-L. A (235 * — 2 "qa 
Log. T. AC 660 — = a e 


Log. T. AB = = 57* 49 - - = » 10,2010133 


Having exhibited the manner of reſolving all 
the common caſes of plane and ſpherical triangles, 
both by logarithms and otherwiſe ; 1 ſhall here 
ſubjoin a few propoſicions for the folution of the 
more difficult caſes which ſometimes occur; when, 
inſtead of the ſides and angles themſelves, their 
ſums, or differences, &c. are given. 


| ProposITION I. 
T he. fine, co ſine, or verſed f ine of an arch being 


given, to find the at and co-fine, &c. of hay that 


arch. 


E33 From 


54 Properties 
From the two ex- 
tremes of the diameter 
AB, let the chords AE 
and BE be drawn, and 
let the radius CQ biſe& + , 
AE, perpendicularly, in 
D (Vid. 1. 3); then 
will AD bs the ſine, and CD the co-ſine, of the 
angle ACD, or 2 ACE. 

But 4AD* AE (by Cor. 1. to 6. 2} = AB x. 
AF (6 Cor. to 19. 4.) = 2ACX AF; whence AD* 
| +AC x AF: alſo 4CD* =BE* =AB x BF = 

20 * BF; whence CD* = AC x BF. From 
which it appears, that the ſquare of the fine of balf 
any arch, or angle, is equal to a retlangle under balf 
be radius and the verſed fine of the wholez and that 
the ſquare of its co-ſine is equal to a reftangle under 
half the radius and the verſed ſine of the 4 ape 

of the whole arch, or angle. 


Pzor. II. 


The fines and ak ines of two arches being given, to 


Ind the fines, and the co-ſines, of the ſum and differ 
ence of theſe arches. 


| £0 1 Let Ac and CD 
6 a> (SBC) be the two 

pots x lo R$ propoſed arches; 
2 4 let CF and OF be 


A H 
( | 38 . ſine of the greater 
| .: — AC and Jer. wD 
AE FH G 0 (Bm) and Om, be 
thoſe of the leſſer CD (or BC) : moreover, let DG 
and OG be the fine and co-ſine of the ſum AD; 
and BE and OE, thoſe of the difference AB. Draw 


um parallel to CF, meeting AO! in u; alſo draw 2 
5 an 


the ſine and co- 


Sines, Ti angents, Se. 1 5 5 


and BH parallel ro AO, meeting GD in v and H: 
then it is plain, becauſe D = Bm, that Do is = 
Hv, and mv =3G = En; and that the triangles 
OC, Ozan and Dy are ſimilar ; whence we have 
the following proportions, 


OC: Om: : CF: n) , (mn x OC=Om x CF. 
JOC: OF :: Dm: Dv( = Do OC=Dm x OF. 
JOC : OF :: Om: On (= JOn x OC=Om x OF. 
(o; CF:: Dm: mv (nu x OCS D x CE. 

Now, by adding the two firſt of theſe equations 
together, we have 2.» + Dv OC (DG x OC) = 
On x CF + Dm x OF; whence D3 is known. 
Mareover, by taking the latter. from the former, 
we get my — Dv x OC (BE x OC) = Om x CF — 
Dm x OF; whence BE is known. 

In like manner, 'by adding the third and fourth 
equations together, we have On + mv x OC (OEM 
OC) = On * OF + Dm x CF; and, by ſubtract- 

ing the latter from the former, we have Ou d X 


OC (OG & OC) = Om x OF — Dm x C; whence 
OE and OG are alſo known, & E. 1. 


Condinary J. 


Hence, if the ſines of two arches be "TROP 
by S and 5; their co-ſines * C and c; and radius 
by R; then will 


the ſine of cheir ſum = _ E T O. 


* 
the ſine of their difference = 0 . 


Cc — 8 
| ROY Ce 
the co · ſine of their difference 1 — 


the co-ſine of their ſum = 


4 Cool. 


0: 11 8 Properties of: 


OTE CorolLary II. 
Hence, the fine of the double of either arch 
(when they are equal) wil be = 3 „and! its co · 


0 | 
ſine = * f whence it appears, , that the ſme of 


the b of any arch, is equal to twice the reftangle 
of the fine and corſine of the ji ngle arch, divided by 
radius; and that its co-fine is equal to the difference 
of the ſquares of the fine and co: fin ine of the / =” 
arch, alſo, divided by radius. * 


5 Conoutany III. 


Moreover, becauſe Dm x CF = OC x my (OC | : 


 *EG=20C xOE— - OG) ; and and OmxOF=OC x 


On (OC x 20» = KE + . 0G), it follows, 
that the rect angle of the fines of any two arches 
(AC, CD (Bc) is equal to a refangle under half the 
radius, and the difference of the co-fines, of the ſum 
and difference of thoſe arches ; and that the reflangle 
of - their 60-/ines is equal to a refangle under balf the 
radius, and. the ſum of the to-fmes, of the fum and 
d ference of the Jame arches. 


P R OP, u. 
The tangents of two arches being given, to find 


the tangents of the fum, and "Nee, of eſe 
arches, 


Let 


Let AN 4 | 
AM be the two 
arches, and AB 
and AC their 
tangents; alſo 

jet NE be the 
tangent of their 
ſum, in the firſt 
caſe, and the 
tangent of their difference, in the ſecond, and 
let CF, perpendicular to the radius DN, be 
drawn: then, becauſe of the 8 rriangles 
BAD and BFC, we ſhall have 
5 BD CF = DA BC by 

BD x BF = BA Re 09s. e 

Take each of the laſt equal quantities from BD⸗ 
and there will remain BD* — BD x BF (BD * DF) ) 


. i BD. — BA x BC: now BD x DF (BD. — BA 


& BC) : BD x CF (DA x BC) :: DF: CF :: DN 
a): NE: : DA“: DA x NE; whence, alter- 
nately, BD* — BA x BC: DA“ (:: DAxBC: DA 
 %* NE): :BC : NE. But the firſt term, of this 
proportion, becauſe BD* = DA* + BA“, will alſo 
be expreſſed by DA. + BA* — BA x BC, or by 
DA* + BA* BA x AB + AC; or, laſtly, by, 
DA! F BA x AC: therefore, the three firſt terms 
of the proportion being known, the fourth NE will 
| likewiſe be known. 2, E. I, 


" BT 


Conouuany, 


Hence, if radius be ſuppoſed unity, and the 
tangents of two arches be denoted by T and z, ir 
follows, that the tangent of their ſum will be = 


T. + 00 and the nen of their difference 


12 1 r | a But, 


7 


28 Properties 
But, it will be proper to take notice here (once 
for all) that, if in theſe, or any other theorems, 
the tangent, ſecant, co- ſine, co tangent, &c. of 
an arch greater than 90 degrees be concerned; 
then, inſtead thereof, the tangent, ſecant, co- ſine, 
&c. of an arch, as much below go degrees, is to 
be taken, with a negative ſign; according to the 
obſervation in page 3. 1 ts | 
A | T hus, for inſtance, let 
BA be an arch greater 
than oe, and let the 
tangent of the ſum of 
— >) ABand AC be required; 
SOS. ſuppoſing IT to repreſent 
the tangent of AD (the ſupplement of AB) and : 
the tangent of AC: then, by writing — T inſtead 
of T, in the firſt of the foregoing theorems, we 
| A — T, _—T + 
ſhall have tang, of BC= ER = Fs 


and therefore tang. DC (— tang. BC) = E 


which is the very theorem demonſtrated in the 2d 
caſe. 85 


| P R OP, IV. 


As the ſum of the tangents of any two angles 
BAC, BAD, is to their difference, ſo is the fine of 
the ſum of thoſe angles, to the fine of their dif- 
JJ 5 


| Sines, Tangents, Ge. 19 
. Let BC and BD | | | 
be the two pro 
poſed tangents, to | ad 
the radius AB; | 
take Bd = BD, 
Join Ad, and draw 
DE and 4F per- 
N to. AC, -- 
t is Manifeſt, beCmW⏑W.. - 
cauſe Bd = BD, © 4 B ns 
that Ad = AD, and 4AB = DAB, ad. conſe- 
quently, that CAJ i is the difference of che two 
angles BAC and BAD. 

Now, by reaſon of the ſimilar triangles CDE- 
and CF, it will be, CD (CB + BD): Cd (CB — 
BD): : DE: dF; but DE and dF are fines of 
DAE and IAF to the equal radii AD and Ad: 
whence the truth of the propoſition is manifeſt. 8 


„ 


COROLLARY, 


Hence it alſo appears, that the baſe (CD) of a 
plane triangle, is to (Cd) the difference of its two 


ſegments (made by letting fall a perpendicular), | 


as the ſine of the angle (CAD) at the vertex, 


to the fine of the difference of the angles at the 
baſe. 


Pa oP. V. 
In any plane 1 ABC, it will be, as the ſum 


of the two ſides plus the baſe, is to the ſum of the 
two ſides minus the baſe, ſo is the co-tangent of half 


(l itber angle at the baſe, 40 the tangent of half the 


other angle at the baſe, 


In 


Properties of © 
D In AC produced, take - 
CD = BC, and let BD be 
drawn : then (by Theor. 5. 
P. 8.) it will be, AD + 
. AB Ab — AB:: tang. 
ABD 2 D 180% —A 


6 


4 — + A) 2 rang, 
A * ABD—D ABD — CBD 
2 "S- 


320), that is, AC + BC + AB : AC + BC 
— Al: co. tang. zA: rang. - +ABC, 2. E. 9. 


Prof. VI. 


In any plane triangle ABC, it will be, as the baſe 
plus he difference of the two Hides, is to the baſe 
minus the ſame difference, ſo is the tangent of half 
tbe greater angle at the Ws 4 to the * of half. 
the Aer. 


In 1 leſſer ſide Ca, 
produced, take CD = 
Cg, ſo that AD may de 
the difference of the two 
ſides; and let BD be 
- ran: then it is man 

feſt that the angle CBD 
will be equal to D: but 
(by Theor, 5 P. 8.) AB + AD: AB — AD: > 
D 2 5B SER 


| tengent MDT ATED (by 9. 10 : tapgent 
D—DBA e Dog CBA, N 2 5 


a 


PRO p. 
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| | Prop, VII. 
As the baſe of any plane triangle ABC, is to the 
fum of the two fides, ſo is tbe fine of half the ver- 


ical angle, to the c6-fine of half the. difference of the 
angles at the baſe, £4 : 


In AC, produced a 


take CD = CB; Joirr 22 
B, D, and draw Pry wn 
parallel to AB, and CF CE 5 
perpendicular to BD. 

Since CD = CB, £4 BIA 
therefore is the angle ä B 
D = DBC (4y 12. 1. ) and, conſequently, 15 

D 1 CBD 

the vertical ACB = = —— (by 9. 
=D. 


Moreover, ſeeing DCB is = the ſum of the 
angles A and CBA, at the baſe (/ 9. 1.) it is 
evident that BCF (or DCF) is equal to half that 
ſum; and, therefore, as ECF is the exceſs of the 
greater ABC = BCE (by 7. 1.) above the half 
ſum (BCF), it muſt, manifeſtly, be equal to 
_ the difference of the os angles A and | 
RE 
But (by Theor. 3 .) AB: AD (AC + BC): 1 5 | 
D (4ACB; : fine ABD = = fine CED (2 Cor. 1. 0 
7. 1.) = fine FEC = oo ine ECF. VE E, D. 


P R 0 Ps vil. 


As * baſe of any plane triangle ABC, is to the 

difference of the two ſides, ſo is the co-fine of balf 

be vertical angle, to the ine of val the di . 
of the _— at the baſe, _ 


In 


r Properties of 

In the greater ſide CA 
let there be taken CD = 
C., and let BD be drawn, 
and likewiſe CE, per- 
pendicular to BD. It is 
manifeſt, becauſe CD = 
| C., that CDB and CBD 
are equal to one another, and that each of them is 
alſo equal to half the ſum of the angles CBA and A 
at the baſe (by Cor. 2. 1 10. 1.);z therefore ABD, 
being the exceſs of the greater CBA above the half 
ſum, muſt conſequently be equal to half the dif- 

ference of the ſame angles. 
But (by Theor. 3.) AB: AD (AC — BC) : : fine 
D (co- ſine DCE, or 2 C): fine ABD. Q, E. D. 


P R O P. IX. 


As the difference of the two ſides AC, BC, of a 
plane triangle, is to the difference of the ſegments of 
the baſe AQ, BU (made by letting fall a perpendi- 
cular from ihe vertex), ſo is the fine of half the ver- 

tical angle, to the co-fine of half the difference of 
he angles at the baſe. | 


For, AC=BC: Ac 
N W . AC +90 
(by 9. 2. and 10. 4.) : : line 
ACB B — A 
8 co ſine 9 
(by Prop. 7.) Q. E. D. 

35 Por. X. 1 
As the ſum of the two ſides of a plane triangle, is 
to the difference. of the ſegment of the baſe (ſee the 
preceding figure), ſo is the co-ine of half the vertical 
angle, to the ſine of half the difference of the angles 
at the baſe. RT 


ir" 


For, 


— — HT— — — — -. —-—̃ ̃ 


Plane Triangles. 6) 
For, AC + BC: AQ - BQ: AB: AC—BC 


(by 9. 2, and 10. 4.) :: C0- ane of = ; : fine of 


* (by Prop. 8.) E E. D. 


| P R-O P. I. 


As the tangent of the vertical angle C of a plane 
triangle ABC, is to radius, ſo is half the baſe 45 to 
a ſourtb- proportional; and as half the baſe is to the 
exceſs of the perpendicular above the ſaid fourth- 
Proportional, ſo is the fine of the vertical angle, to the 
co 2 ine of the difference of the angles at the — 8 


Let ABCD be a circle 
deſcribed about the tri- 
angle, and from O, the 
center thereof, let OB and 
OC be drawn; moreover, 
draw CD parallel to BA, 
meeting the periphery in 
D, and EOF, perpendicular 
to AB, meeting DC in E. g's 
Then it is evident, that EF will be equal to the 
perpendicular height of the triangle, EOB equal 
to the vertical angle ACB,- and FOC (= DAC) 
equal to the difference of the angles. (ABC and 
BAC) at the baſe. 

But (by Theor. 2.) as tang. EOB (ACB) : ra- 
dius : : EB (ZAB): EO; moreover, as EB: OF 
(EF — EO) : | fine EOB en.: ſine och. or 
co. ne of FOC, n e 


* 


PRO p. 


hd 2 — 
- 
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Properties of 
Proe. XII. 


As the tangent of the vertical angle, if a plane 
triangle ABC, is to radius, ſo is the baſe AB to 4 


fourth-proportional ; ; and, as the ſaid fourth. propor- 


Hionat, is to the ſum of the ſemi-baſe and the line CD 
. biſefling the baſe, ſo is the, difference of theſe two, to 
the 


Mares height of the triangle. | 


is evident that D 


Let a circle be eſeribed 
about the triangle, and from 
O, the center thereof, let 
OA, OC and OD be drawn 5 
alſo let CF, parallel to AB, 
be drawn, meeting DO, pro- 
duced (if need be) in F. It 


will be 


peipen decler to AB, and equal to the height of 


the triangle. But DC* = OC* + OD* + 20D x 


OF (h 11. 2.) = OA* + OD* + 20D xDF —OD 
= OA. — OD* + 20D x DF = AD» + 20D 


x DF (4y7 


. 2.)z whence, by taking away AD! from 
the firſt 2 laſt of theſe equal quantities, we have 


DC'—AD*=20D „DF; or DC+ADxkDC—AD_ 
= 20D x DF (by 7 7. 2.) and therefore 20D: DC 
+ AD: : DC — AD : PF; but (5% 7. beor. 2.) 


AD : OD): : AB: 20D. & E. B. 


PRor. XIII. 


as the tang, AOD = = ACB (by 10. 3.): to * 7 


As twice the redtangle under the boſe and perpen- 

dicular of a plane triangle ABC, is to the rettangle 

under the ſum, and difference, of the baſe and ſum o T/ 
if 


the two ſides; ſo is radius, to the co. of ba 
the vertical angle, 


Let 
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Let HG, perpendicular 
to AB, be the diameter 
of a circle deſcribed about 
the triangle z and let HD 
and Had be perpendicular * 
to the two ſides of the e FE 


triangle; alſo let CF be AR \ 
parallel to AB, and let 
HA, HB and HC be | 

drawn. „ | H ' | 
Since the diameter HG is perpendicular to AB, 
therefore is AE = BE (by 2. 3.) AH = BH, and 
the angle ACH = BCH (by 12. 3.) z whence, alſo, 
CD = C4, and HD = Hd (by 15. 1.) Therefore, 
the right-angled triangles HAD and HB4, having 
AH = HB and HD = Ha, have, likewiſe, AD 
= Bd (by 15. 1.) From whence it is manifeſt, that 
CD will be equal to half the ſum, and AD equal 
to half the.difference, of the two ſides of the tri- 
angle. Moreover, becauſe of the ſimilar triangles 
AEH and HCD, it will be, AE* : CD:: HA* 
= HE x HG (by Cor, to 19. 4.) : HC* (HF x HG) 
:: HE: HF (% 7. 4.) Whence, by diviſion, &c. 
AE: CD*—AE* :: HE: EF:: HE x AE: EF 
Xx AE; therefore, by inverſſon and alternation, EF 
x AE : CD* — AE* (CD + AEN CD - AE): : 
HE xXx AE: AE*. HE: AE : : radius: co-tange - 


| AY 


— 


EAH (ACH, by Theor. 2.): whence the trutb of | 


the propoſition is manifeſt. 


PRO p. XIV. 


As twice the rectangle of the baſe and perpendi- 
cular of a plane triangle ABC, is to the refangle 
under the ſum, and difference, of the baſe and tbe 
difference of the two ſides; ſo is radius, to the tan- 
gent of half the vertical angle. 


3 
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Let the preceding figure and conſtruction be re- 
tained, and let AG and CG be drawn, The tri- 
angles AHD and GHC (being right-angled at D 
and C) and having HAD = HC ( 11. 3.) 
are equiangular; and ſo AD: GC:: AH: H:: 
AE : AG (by 19. 4.) ; whence, alternately, AD: 
AE: : GC: AG, and AD*: AE*: : GC: (GF * 
HG): AG* (GE « HG): : GF: GE; therefore, 
by diviſion, &c. AE. — AD“: AE*: : EF: GE: © 
EF x AE: GE x AE; whence, again. by alterna- 
tion, &c. EF x AE: AE* — AD* (AE + AD 
AE — AD) :: GEX AE: AF*:: GE: AE: : ra- 
dius : tang. AGE (by Theor. 2.); from which the 
truth of the propoſition is manifeſt, 


If the relation of three right-lines a, b and x, be 
ſucb, that ax — x* bi; then it will be, as à a: b 
3 : radius to the fine of an angle; and, as radius, 


0 oe tangent (or co-tangent) of half this angle, ſo 


is 


Make AB equal to a, 
upon which let a ſemi- 
circle ADB be deſcribed ; 
alſo let CD, equal to 5, 
be perpendicular to AB, 
and meet the periphery 
in D (for it cannot exceed 
| | the radius of the circle 

when the propoſition is poſſible) : moreover, let - 
AD, BD, and the radius OD, be drawn. Becauſe 
AC x CB = CD* = 4* (by Cor. to 19. 4.) it is plain 
that AC & 4 — AC, or BCXa—BC is alſo = ; 
and, therefore, x x a = x being = &, it is manifeſt 
that x may be equal, either, to AC, or to BC, Now 


(by 


| 
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(by Theor. 1.) OD (38) : CD (5): : radius: fine 
Doc; whoſe half is equal to A, or BDC 
by 10. 3.) But, as radius: tang. BDC : : DC 


(3) : BC; or, as radius: co-tang. BDC (tags 
CDA) : : DC (3): AC. E. D. 


Paoy. XVI. 


If the relation of three lines, a, b and x, be ſuch, 
that x + ax = b*; then it will be, as 5a: b: 
radius to the tangent of an angle; and as radius is 
to the tangent, or co-tangent, of half this angle (ac- 
cording as the ſign of ax is poſitive or negative )::b: x. 


Make AB = 5, and AC, 
perpendicular to AB, equal 
to a; about the latter of 

which, as a diameter, let a 
cisele be deſcribed; and, 
thro' O, the center thereof, 
let BD be drawn, meeting 
the periphery in E and D; 
alſo let A, E and C, E be 

joined, and draw BF parallel to AC, meeting AE. 
produced, in F. Then, ſince (by 22. 3.) BE x BD 
(BEX BE +@ = BDxBD - ) = AB* (42) 
and x x x * + @ a = , by ſuppoſition, it it is manifeſt, 
that BE will be =, when x x Ta = N; and 
BD = x, when xxx - 42 2 6˙. 

Furthermore, becauſe the angle F = OAE (by 
7. I.) = OEA (& 12. 1.) = BEF (by 3. 1.) it is 
evident that BF = BE (by 18. 1.) <q that the 
angles BAF and C (being the complements n _ 
equal angles F and OAE) are likewiſe equal. 

Now (by Theor. 2.) A0 (a: AB (6) : : radius: 
tang. AOB; whoſe half is equal to C, or BAF 
(by 14. 3.) But, as _—_ tang. BAF. : AB 99 

| 2 2 BF 
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: BF (BE), the value of in the firſt caſe, where 
17 + ax = l. Again, radius : co-tang. BAF 
(rang. 701: BF (BE): AB (by Theor. 2.); and BE 
AR AB: BD (by Cor. to 22. 3. and 10. 4. ); 
whence, by equality, radivs : co-tang, BA F:: AB 


(5): BD; which is the value of x in the ſecond - 


caſe where x. N RN E. D. 


8 XVII. 


In any plane triangle ABC, it will be, as the line 
CE biſecting the vertical angle, is to the baſe AB, ſo 
is the ſecant of half the vertical angle ACB, to the 
tangent of an angle; and, as the tangent of half this 
angle is to radius, ſo is the fine of half the vertical 
angle, to the ſine of either angle, which the biſecting 
line makes with the baſe. 


Let ACBD be a circle de- 
ſcribed about the triangle, 
and let CE be produced to 

meet the periphery thereof 
in D; moreover, let AD 
and BD be drawn, and like- 
wiſe DF, perpendicular to 
the baſe AB; which will, 
_ allo, biſect it, becauſe (BCD 
being = ACD) the ſubtenſes BD and AD are equal 
(by 10. 3.) nenen ſince the angle DBE 
ACD (% 12. 3.) = DCB, the triangles DEB 
and DBC (having D common) are equiangular, and 
therefore DE x DC = DB* (by 24. 3.) or, which is 
the ſame, DE* + DE x CE = DB: Therefore (by 
Prop. 16.) CE: DB:: radius: tangent of an 
angle (which we will call Q), and, as radius: 
tang . 3Q : : DB : DE. 
Bot DB : BF AB: : ſecant FBD (BCE) : 
radius ; therefore, by compounding this, with wy 
g 


3 
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firft proportion, we have, CE x DB: LAB x DB 
radius x ſecant BCE: radius x tang. Q (by 10. 
7 and conſequently CE: AB : : ſecant BCE: 

tang. Q (by 7 7. 4.) Again, DE : DB: : fine DBE 
(BCE): ſine of DEB (or of CEB); whence, by - 


equality, tang. 420: radius : : fine BCE : ſine 
CES, F- 1 . | 


| PR Op. XVIII. 


In any Plane triangle ABC, it will be, as the per- 
pendicular is to the 9 of the two fides, ſo is. the 
tangent of half the angle at the vertex, to the tan- 
gent of an angle; and, as radius is to the tangent of 
half this angle, ſo is the fu of the two 'o Ades, to the 
W. of the triangle. 


Let DP, perpendicular 
to AB, be the diameter 
of a circle deſcribed about 
the triangle; let CF be 
perpendicular to DP, and 
DG to AC, and let DA, 
DC and DB be drawn, and 
alſo Fl, parallel to BD, 
N BA, produced, 
in 

It is mani. from Prop. 1 . that CG is equal - 
to half the fum of the ſides 4. and BC: it alſo 
appears, (from 7. f. and Cor. to 12. 3.) that the tri- 
angles DCG, ADE, BDE, and IEE, are all equi- 
angular. Therefore it will be, CG“: BE* : : DC? 
(DF x DP) : BD* (DE x DP) : : DF (DE + EF): 
'DE::BE +EI: EB: : :BE +El I x BE:EB*; and, 


conſequently, CG* (= BE + EI x BE) = BE* * 
EI X BE. But, 27 16. it will be, EI: CG 
: radius : tangent of an angle (which ” will 
call Q); z and as radius : tang, by : BE 


F 3 | (.: 
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(:: 2CG, or AC + BC, to AB). But (by Theor. 2.) 


EF: EI: : tang. I. (ACD): radius; therefore, by 
compounding this proportion with the laſt but one, 
we ſhall have, EI x EF: Elx CG: : tang. Ac 

Xx radius : tang. Q radius (by 11. 4.) and conſe- 
quently EF: 2CG (AC + BC) : : tang. ACD: 
rang. Q. Whence the truth of the propoſition is 


manifeſt. 


per. XIX. 5 
In any plane triangle ABC, it will be, as the per- 


pendicular is to the difference of the two fides, ſo is 
the co-tangent of half the vertical angle, to the tan- 
gent of an angle; and, as radius is to the co-tangent 


of half this angle, ſo is the difference of the ſides o 


the baſe of the triangle. 


p Let DP, DG, CF, &c. 
— de as in the preceding pro- 
F e poſition; alſo let PA and 
5 PC be drawn, and Fl, pa- 
5 rallel to PA, meeting AB 
ART B The right · angled tri- 
5 angles ADG and DPC, 
Se having DAG = DPC (4y 


* 


Cor. to 12. 3.) are ſimilar; 


and therefore, AG;: PC :: AD*: DP*: : AE: 
AP! ( Cor. to 11. 4.) ; whence, alternately, 
AG: AER: : PC (PF x PD) : AP* (PE 


x PD): : PF: PE::AI: AE; : AI * AE: AE. 


(h 7. 4.) ; and conſequently, AG* =AIXAE = 


AE* — Eſ x AE. Therefore, by Prop. 16, EI: A 
2 : radius: tangent of an angle (Q); and as ra- 


dius: co-tang. Q:: AG: AE. But (by Theor. 2.) 


EF : EF: : co-tang. EFI (ACD) : radius; 
which proportion being compounded with the 5 
2 1 | 2 


py 
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but one, &c. we ſhall have, EF: 2 AG (AC—BC, 
ſee Prop. 13.) :: co-tang, EFI: tang. Q; and as 
radius: co-tang. ;Q:: AG: AE: 2AG (AC. — 
BC): 2AE (AB). 2, E. D. 


ProP. XX. 
The ypothenuſs AC, and the ſum, or difference, of 


the legs AB, BC, of a right- angled ſpherical tri- 
angle ABC, Being given, 10 determine ihe triangle. . 


Let AE be the 
ſum, and AF the 
difference of the 
two legs. Becauſe, 
radius : co-l. AB 

* co-ſ, BC: co-ſ. 
AC (by Theor. 2.) | 
therefore, co-ſ. AB X co-ſ. BC = 1 x co-1. 
AC; but the former of theſe is = + rad. x 


co-ſ. AE + co-ſ. AF (by Corel. 3. to Prop. 2.); 
therefore 2 x co- ſ. AC = cosl. AE + co- ſ. AF. 
| Whence it appears, that, if from twice the co-ſine 
F the hypothenuſe, the co-fine of the given ſum, 
or difference, of the legs, be ſubtratied, the re- 
mainder will be the co-fine of an arch which added 
to the ſaid ſum, or difference, gives the double of the 

greater leg FT", | 


AS: > 


> 
" . * N PR - 
* 0 Y C > 4 od — 1. D — . — 4 
8 „ 
; : 2 i — — — - 


Os 
—— U—äU — ————— . 


ConoLLaRy. 


Hence, if the two legs be ſuppoſed equal to 
each other (or the given difference = o), then will 
the co ſine of the double of each, be equal to twice 

the co· ſine of the hyporhenuſe 1 minus the radius. 


F 4 FROM? 


72 Properties of 
| Proe, XXI. 


One leg BC and the ſum, or di ference, of the 
 bypothenuſe and the other leg AB being given, ts 
determine the hypothenuſe (ſee the laſt figure.) 


Since rad. : co-ſine BC: : co-ſine AB: co· ſine Ac 
(by Theor. 2.), it will be (by comp. and div.) radius 
+ co ſine BC: rad, — co-f. BC: : co-f, AB + co-l. 
AC: co-ſ. AB— co-ſ. AC. But the radius may 
; be conſidered as the fine of an arch of oe, or the 
co- line of o: and, therefore, ſince (by the lemma 

in P. 30.) co- ſine o + co- ſine BC: co - . o — co-1, 
BC: co: tang. 45 2 : tang. ===; Z 3 and, co- 
ſine AB + co-ſ. AC: co-K ſ. AB — co- þ AC: 


tang. - 7 AB : tang, - — > = 5 it follows, 5 


5 . 
equality, that co-tang. : tang, ry 212 co ang 


2 3 AB : tang. AC— 7 =&2 that is. As the co- 


Zang. of half the given . js to its tangent ; ſo is 
the co-tang. of half the ſum of the hypothenuſe and 
the other leg, to the tangent of half their difference, * 


PRO. XXII. 
The angle at the baſe and the ſum, or difference, 


of the bypothenuſe and baſe, of a right- -angled ſphe- 
rical 9 being given, to determine the triangle. 


Firſt, 
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Firſt, it will be, rad. : Q 
:: AS: 5 
(by Theor. 1.) and therefore 
rad. + co-1. A: rad. = AN 
co-ſ. A:: T. AC + T. ES 
AB: T. AC — T. AB: 3 A 
whence, by arguing as in the laſt Prop. it will ap- 
pear, that, co-tang. 2A: tang. A:: rad. + 
co-f. A: rad. — co-f. A(::T. AC + T. AB: T. 
AC - T. AB)::S. AC + AB: S. AC —AB (27 
Prop. 4. ). Hence it appears, that, As the co · tan 
gent of half the given angle, is to its tangent ;, ſo is 
the fine of the ſum of the bypothenuſe and adjacent 
leg, to the fine of their difference. 


. PRO. XXIII. | 
be bypothenuſe AC and the ſum, or difference, of 


the two adjacent angles bring given, to find the 
I n 0 


Let EC be perpendicular 
to BC; and then it will be, 
rad. : co. :: T. A: 
T. ACE (by Theor. 5.) 
From whence, by reaſoning 
as above, we ſhall, alſo, 
have, co-tang. AC: tang; 3 
AC:: S. A ACE: S. A ACE; whereof the 
two laſt terms, by ſubſtituting 90 — ACB for 
ACE, vill become S. 90 + A— AC; (co- . ACB 
—A) and S. A ACB—9o0? reſpeCtively. Whence 
it appears, that, As the co-tangent of balf the by- 
potbenuſe, is to its tangent ;, ſo is the co-fine of the dif- 
ference of the angles at the hbypothenuſe, to the ſine of 
the exceſs of their ſum above a rigbi- angle. 


Cool 
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Hence, if the angles be ſuppoſed equal, then it 
will be, as radius: tang. ZAC : : tang. AC; 
lin. 24 — 90. ; a ; | a 1 


; Fi 0/v. EXIV;-: 
In two right-angled ſpherical triangles ABC, ADE, 
. having one angle A common, let there be given the 
two perpendiculars BC, DE and the ſum, or dif- 
ference, of the hypothenuſes AC, AE, to determine 
the triangles, Shs 85 as W 


It is evident ( from 
Theor. 1.) that S. DE: S. 
D:: S. AB. S. AC 3 
therefore S. DE + S. BC 
28. DES. BC: : S. AE 
—— — "Ih AC : whence (by tbe 

lemma in p. 30. and equa- 
DE - BC 
2 


>». SES. 
E 


lity) tang. - £ - : tang 
AE +2 ; tang, = 


: tang. 


: that is, As tbe tan- 


gent of half the ſum of the two perpendiculars, is to 

the tangent of half their difference; ſo is the tangent 
of half the ſum of the two bypothenuſes, to the tan- 
%%% ( ono oo: 


oy i PAO r. XXV. | . 5 
In two rig bi. angled ſpherical triangles ABC, ADE, 

baving the ſame angle A at the baſe, let there be given 

_ the two perpendiculars BC, DE and the ſum or dif- 
ference of the baſes AB, AD, ta determine the baſes 
(fee the precatling 
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Since T. DE: T. BC::S. AD: S. AB (U 
Theor. 4. and equality) ; therefore is T. DET T. 
BC: T. DE—T. BC: : S. AD + S. AB: S. AD 
28. AB; whence; 9 Prop. 4. and ihe lemma in 


55 30.) it will be, S. DE A 8. W T. 
3 
As the fine 1 the ſum of the 10 8 is 
to the fine of their difference, ſo is the tangent of 
half the ſum of the iwwo baſes, to tbe * of ad 
their difference. 


Por. XXVI. 


BY” product of the ſquare of Wale and the ** 
of the baſe of any ent cal triangle ABC, is egual to 

the product of the fines of the two fides and ihe co:ſine 

ef the vertical angle, together with the Muay of 
radius and the ae fee of the ſame / Nog 45. . 


For let AD be per rpendi- AC ; 
ne to BC; then, ſince co-1. DE 
8.CBxS.CD+co-ſ.CBxco-.CD | 
rad. 
(by Cor. t. to Prop. 2.) it is 
evident, that co-1, BD: co-ſ. 


8. CBx8. CD edel JETTY 
rad, © 


S. CB 8. co 55 
: 1 CD:: 2 
co- =. 5 co-ſ. CB: rad, (by 


aut. aueh cb). B Bu t S. CD = E. ED, 
e co- rad. 


therefore our en will be 2: S. CB £7; CD —+ 
rad. | 


, 1 co-· . 
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co-ſ, CB: : rad. (:: co-f. BD: co-ſ. CD) : : co- ſ. 
AB: co-f. AC (by Corol. to Theor, 2.) whence, by 
multiplying means and extremes, we have co-f. 
AB x radius = 8. . N F. D + 
co-ſ. AC x co- ſ. BC. But (by Theor. 1.) radius : 
el Ci: T. A eb 


rad. 
S a ho (by Corol. 1. Props 1.) which laſt 


being ſubſtituted for its equal, we ſhall have, 


. . co- . AB x rad. = S. dns 2 C4 
co- ſ. AC x co-1. BC; from whence, if each term 
be multiplied by radius, the truth of the propoſi- 
tion will appear manifeſt. 
There is another way of demonſtrating this 
propoſition, from the orthographic projection of 
the ſphere; but that is a ſubject which neither 


room, nor inclination, will permit me to treat of 
here. 


P R OP, XXVII. 


AE be the ſum, and AF the difference, if the 
two fides of a ſpherical triangle ABC, and V be put 
zo denote the verſed fine of the vertical angle, and R 


tbe radius; then will V = [ue — ST =; AS 
3 . co-ſ. AF — co... AB 

c.. AF — co- . AE 

3 R x 8. TAB + ZAP x 8. TAB — JAE, 

— e . 


Md 


1 | 


Ie 
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It appears from the laſt 
Prop. that co-f. AB Xx R is 
= co-ſ. AC Xx co-ſ. BC + 
S. Ac * S. BC X co-f. C 
. . R 8 72 "17 3 
in which, for co-ſ. C let 
its equal R V be ſub- 
ſtitured, and then we ſhall 
have co-ſine AB & R + 
co ſine AC X co-ſine B 
+ fine AC * fine BS — A 
8. — BC * — . 88 
ſum of the two former of the three laſt terms is 
S co- ſ. AF x R (by Cor. 1. to Prop. 2. ); there- 
fore it will be co-f. AB x R = co- . AF R — 


S. r 


. 3 3 


N. - co AP = * B. Which is the feb . 
caſe. Again, becauſe S. AC x S. BC is = *R x 
co-f. AF — co-1. AE 4 Corol. 3. 10 Prop. 2.) we 
X co-ſ. AF — co-ſ. . f 
ſhall, alſo, have V = r 
Which is the ſecond caſe. Moreover, ſince 3R 3 X 
AB + AF 


-I. A AF — co-l. AB | is = 8. *. 
—— - —AP (by the ſame) it follows chat Vis likewiſe 


85 NN E S. {AB —TAF. 
NE 5 8. AC X S. . 


2 E. D. 


er OR OL - 
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ConroLLarRy 1. 


Hence, becauſe R x V is = the ſquare of the 
ſine of 3C (by Prop. 1.) it follows that ſq. S. 40 
RN S. ZAB ＋ ZA E x S. AB —- 2A 

e S. AC X S. BC Ee = 

From whence we have the following theorem, 
for ſolving the 11th caſe of oblique triangles, 
where the three ſides are given, to find an angle, 


As the rectangle of the fines of the two ſides, in- 
cluding the propoſed angle, is to the refangle under 
the fines, of half the baſe plus half the difference 
of the fides, and half the baſe minus half the difference 
of the fides ;; ſo is the ſquare of radius, to the ſquare 
of the ſine of half the required angle. 


CoroLLary 2. 


ä n 

ee 7 oa 
we ſhall have R“: S. AC X S. BC: : V: co ſ. AF 
— co-ſ. AB; which gives the following theorem, 
for finding a fide, when the oppoſite angle, and 
the other two ſides, are given. ” 


As the ſquare of radius, is to the refangle of the 
ines of the two fides including the given angle; ſo is 
| the werſed fine of that angle, to the difference of the 
 co-fines (or verſed fines) of the difference of thoſe 

fides, and the fide required, . Es 5 
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ConoLLary, 3. 


Lag * . 2Rx C. AT — co. AB 
aſtly, becauſe V r 

we ſhall, by transforming the equation, and puts 
ting W for (2R— V) the verſed fine of BCE 
(the ſupplement of the vertical angle) have co-{. 
AE AB — 7 — X co-l. AF" and the 
nfo AF — 2R x co-l. AB - V x co-ſ. AE E. 
From whence the ſides themſelves may be de- 
termined, when their ſum, or difference, is given, 
with the baſe and vertical angle. 
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